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Summary
An algorithm combining the numerical execution in time of implicit and ex­
plicit methods of solution is presented in this thesis. The algorithm swaps 
between both methods as required for the analysis. The whole mesh is solved 
for an unique method at once, i.e. there are no partitions of the mesh for sepa­
rate implicit or explicit treatment of the solution. The combination is in-time, 
in such a manner that if the implicit method diverges at some time-point the 
explicit one is initiated by appropriate conditions of transition.
A subcycling algorithm is proposed to improve the solution of nonlinearities 
associated to the interface in reinforced materials. Dividing the execution by 
two subcycles, the smallest critical time step does not control the other one. 
Thus, the computational cost is reduced and allows an efficient model of the 
interfacial discontinuity. In addition, a beam element is developed for the mod­
elling of the reinforcement.
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Chapter 1
Introduction
’...but I ’m only interested in things that don’t work’.
M. A. Crisfield
1.1 M otivation  and objectives
A new in-tim e im plicit/exp lic it algorithm
The main motivation for this research comes out from the necessity of solv­
ing convergence problems in algorithms used by finite element solvers (FES) 
putting emphasis in the computational cost that these imply. The source of 
such a divergence is associated generally to critical points. Thus, a review 
of current methods and their behaviour in the presence of critical points in 
structural analysis has been initially carried out. Physically, a structure is 
uncontrollable or partially controllable in these singularities in which the rela­
tionship between characteristic load and the associated deflection is not unique 
-e.g. buckling points such as snap-through or snap-back . It is remarkable that 
there is not element-partitioning or nodal partitioning in the mesh for sepa­
21
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rate treatment of the solution. Therefore, that is what makes it a novelty as 
the vast amount of techniques, reading as implicit-explicit or explicit-explicit, 
considers one or several partitions of the mesh by subdomains and a method 
of solution is assumed for every subdomain. The proposed I/E  algorithm does 
not make any partitions of the mesh. The entire mesh is solved in a compu­
tational time point by either an explicit or an implicit method of solution. 
That is the reason to name it in-time. Many commercial FE software packages 
have chosen numerical methods of solution integrators in time conditionally 
stable. Of course, these codes may solve highly nonlinear problems with a va­
riety of singularities. However, the CPU time is often expanded. This aspect 
has been taken in account in the algorithms developed in this research, i.e. a 
combination of efficiency and time-saving techniques.
A novel subcycling technique for reinforced m aterials
The modeling of reinforced materials is a problem of big interest in engineer­
ing practice, in particular by the economic effort made in the development of 
prototypes or physical models to test specific structural components or sys­
tems. Among these reinforced materials we can find composites in which the 
fibre plays a role of high strength to traction forces such as the case of tanks 
reinforced helicoidally with glass fibre and with a matrix made by polyester 
resin. There are also hybrid composites that combine the traditional composite 
layers with layers of metal alloys, extensively used in the aerospace industry. 
And of course, the reinforced concrete of utmost importance in civil engineer­
ing. The last chapter of this dissertation will be centered in this one. However, 
the sub cycling algorithm presented in Chapter 5 may be treated in a general 
manner for other reinforced materials changing the chosen material model for
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matrix and reinforcement. This makes the algorithm developed attractive for 
the modeling of these composite materials. Other type of nonlinear problems 
containing boundaries between two distinct materials in contact or interface 
are also targeted in this study. These are of interest in the solution of struc­
tures formed by reinforced materials. The challenge offered by these materials, 
in terms of nonlinearity introduced and sources of divergence, is due to the 
geometric nonlinear interface, the nonlinear constitutive law bond stress vs. 
relative displacement in the constituent surfaces and the jump induced by the 
different nature of the materials involved. To solve this, an algorithm divided 
in execution-subcycles one for the matrix and the another one for the rein­
forcement has been developed. The entire domain of the composite materials 
is partitioned in two groups of elements. Each material, which is considered 
to be a subdomain, may be formed by different elements and material models. 
Thus, matrix and reinforcement constitute two separate systems of solution. 
They are connected through a new link interfacial model. The proposed ap­
proach by subcycles permits a computationally uncoupled treatment of the 
solution. Thus, the instability, caused by the interface in the transfer zone, is 
avoided. An additional advantage of this scheme is that two different solvers 
may be used for each of the subdomains. Then, the use of existent codes or 
algorithms for matrix and reinforcement is possible1. Thus, the novel in-time 
implicit/explicit algorithm (I/E) presented in Chapter 3 is now used for the 
matrix. An explicit method (E) is used for the reinforcement. The reinforce­
ment is modelled by continuum-based beam elements which are convenient 
from the point of view of stability and velocity of convergence. These elements
1The subcycling algorithm may referred to in some parts of this dissertation by the 
characters I/E-E.
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are a modification of those proposed by [11]. A complete formulation for these 
elements is exposed in Chapter 4. Additionally, a constitutive law is proposed 
for the modelling of the interface. This law is formed by an initial nonlinear 
part followed by a residual bond stress:
1. The interface in reinforced materials such as reinforced concrete is con­
sidered a transfer zone of kinematic and kinetic variables. Physically, 
there is not a specific material constituting it. However, we need still to 
take in account the link conditions that the interface causes.
2. The solutions for each subdomain are separate and executed with differ­
ent computational time steps. Therefore, there must be links intercon­
necting the sub cycles and enforcing the conservation laws in the interface.
3. The interface does not embody material mass as the surface (3D) or 
thickness (2D) associated to the interface is negligible. Interface forces 
are represented by an array of link forces which influence the governing 
equations of every material.
These algorithms are exposed in two-dimensional formulations. A three- 
dimensional formulation does not change the core of the algorithms developed. 
Instead, it would bring more effort without any additional progress except, 
of course, to validate in 3D. Such a development has been avoided for time 
reasons and focus is addressed to other areas considered more relevant to this 
investigation.
1.2 Layout
In the following a brief resume of the contents of every chapter is outlined:
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• Chapter 2, description of basic principles of continuum mechanics, fun­
damentals of finite element methods (FEM) and computational aspects 
involved are summarized including some remarks and demonstrations, in 
which the theoretical framework for the remaining research is established.
• Chapter 3, an in-time implicit-explicit algorithm and its formulation is 
developed. In the first part of the chapter, the algorithm is presented 
and its constituents or sub-algorithms are described. Analysis concern­
ing the role of damping in static or quasi-static explicit finite element 
implementations are studied. In addition, a brief review of the consti­
tutive models, such as Von-mises, used for the algorithm is included. It 
is continued by key numerical examples involving buckling in a range 
of structures and materials. Analyses concerning the role of damping in 
static or quasi-static explicit finite element implementations are studied.
• Chapter 4, a beam element based in a continuum quadrilateral finite 
element is formulated. This will be called, henceforth, continuum-based 
beam element (CBE). Its development is justified because of the necessity 
of beam elements for the reinforcing bars which will be used in the next 
chapter in the modelling of the reinforcement. Numerical tests over bars 
and cantilever beams are exposed at the end of the chapter.
• Chapter 5, a subcycling algorithm for the resolution of reinforced materi­
als is proposed. It involves the separation of processing by subcycles, for 
the matrix and reinforcement. The matrix is modeled either as an elas­
tic material or with the Mohr-Coulomb constitutive model. Benchmark 
tests are conducted with these two material models. These are compared 
with tests proceeding from other numerical and experimental results. An
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interface constitutive law has been developed and compared with others 
from the literature.
•  Chapter 6, remarks the results drawn from the research, outlines the 
limitations of the algorithms presented and suggests new related lines of 
investigation.
Chapter 2
Com putation of Finite Element 
M ethods (FEM ) in Solid 
M echanics
’Space, time, and force are a priori forms; they can be derived only from con­
templation and from general principles of research. Their common relation 
to each other in mechanisms must be regarded as something inspired indeed 
by experience but in its generality fixed by convention’. Hamel; Elementare 
Mechanik; 1912.
2.1 In troduction
A description of the basic principles, which are the fundament of this study, is 
essential. The problem may be decomposed in levels as follows:
• In a first stage, statement of the differential equations and boundary 
conditions that govern the physical problem . That is usually designated
28
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as Strong Form of the problem in the literature [11]. This form is the 
start point for the Weak Formulation.
• Weak Form of the problem through The Principle of Virtual Work.
•  Discretisation of the weak form by finite elements in order to implement 
numerically in a computer for later analysis. Discretising it in finite el­
ements and proceeding to direct temporal integration with an explicit 
method.
• In order to deal with certain nonlinearities, a combined implicit/explicit 
scheme in time is developed and exposed in next chapter.
u ^ u  V i c  dQu 
c r n = t  V i c 3 Q .
Figure 2.1: Generic domain body and boundary conditions
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2.2 A n overview  on fin ite elem ent m eth od olo­
gies
The literature concerning this topic is wide and has dramatically increased 
year after year. Some of the reviewed studies are indicated below. A good first 
introductions in linear finite element methods are [23, 71, 83, 91]. Basic refer­
ences undertaking a wide group of topics related to FEM are K-J. Bathe[5], 
P. E. Lewis et al. [71], O. C. Zienkiewicz and R. L. Taylor [131, 130], T. Be- 
lytschko et al. [11] or T.J.R. Hughes [58] amongst others. The first volume of 
Zienkiewicz[131] treats basic linear problems. The second one touches special 
problems in solid mechanics as material nonlinear problems or large deforma­
tion analysis. In Belytschko’s text, we can find some guidance to program the 
FEM either in an implicit or an explicit form. A good introduction to nonlinear 
aspects is performed through the lagrangian, eulerian, and also the updated 
lagrangian finite elements discretisation (convenient in large deformation anal­
ysis when the configuration is changing dramatically, every variable is updated 
each iteration; but the computational cost is dramatically increased).
T.J.R  Hughes [58] is devoted to questions of stability, so important in the 
configuration of the explicit implementation of the method in the present study, 
as the convergence depends on it. An analysis is performed in the dynamic field, 
which deals with the aspects of calculation of the critical time step, giving a sort 
of them for different elements. Irons [61] presents a critical time step expression 
for plane strain, which seems to have been used in many works. However, this 
constant value for the critical time step usually drives to perform constant time 
step along the execution which is not the most efficient if we want the smallest 
time of computer execution. Thus, in Section(3.7.4), an adaptive time step is
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formulated together with details of implementation. Bicanic [14] presents the 
time discretisation of the dynamic equilibrium equations using isoparametric 
elements, and presenting stability limits depending on the type of element.
A practical reference treating with programming of the FEM in detail is 
I. M. Smith and D. V. Griffiths [110] and involving plasticity coding are the 
works of D.R.J.Owen [85] or E. de Souza et al. [116] . A work devoted to 
geometrically nonlinear problems and large deformation of hyperelastic mate­
rials doing emphasis in programming aspects is the text of J. Bonet et al. [17] 
or Holzapfel [57]. In Simo and Hughes’ text [106], material nonlinearities are 
treated including the seminal works over integration algorithms for the updat­
ing of stresses and internal variables in incremental problems. Basic theory to 
understand the continuum media treating nonlinear issues can be found in the 
texts of Malvern [74] or C.A. Felippa [41].
2.3 D eform ation  and m otion
Our body is defined as a group of particles or material points bounded by 
dQ in the Euclidean space E d. The displacement field is defined in the vecto­
rial space N and a tensor will represent a linear transformation between two 
linear spaces. The placement of our body is a regular region flo C in the 
direction pointed in refs. [80] or [122]. A three-dimensional regular region is 
a closure of an open set whose boundary is the union of a finite number of 
surfaces with continuous normal field. A standard deformation of our body 
would be given by the mapping T  : Ll — > E d, any material point is associated 
with its new position in E d, T(X). It is assumed that T is continuous and, at 
least, piecewise continuously differentiable. The determinant of the deforma­
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tion gradient V T =  dTd^  is assumed positive to guarantee the transformation 
is preserving the orientation. The displacement of a point of the body is the 
difference between the current position and the reference position. Motions are 
time dependent, hence the full description of the displacement is rigourously 
expressed in Eq(2.1). T  is assumed to be twice differentiable in time.
x  =  T(X, t)
u(X, t) =  x  — X (2.1)
At this stage it is convenient to introduce the two types of configurations 
generally adopted to describe the motion: the lagrangian or reference configu­
ration and the Eulerian or spatial description. In the lagrangian configuration 
the independent variables are the reference configuration X  and the time. 
Thus, an observer placed in a material point would move together at any time. 
In a Eulerian description, the observer would be situated in a point of the 
Euclidean space E d, and would be able to follow the motion of the material 
points of the body Q(t) without being fixed to any of the material points. 
The latter one is generally adopted in flow problems. That is the reason why 
spatial description is usually used in Computational Fluid Dynamics (CFD). 
Time and current configuration are the independent variables in a Eulerian 
description. In a finite element context, the mesh resulting from the discreti­
sation deforms and moves with the material body in a lagrangian description. 
In the Eulerian one, the material points of the body are not fixed to the nodes, 
elements, etcetera, of the mesh. The description assumed in this dissertation 
is the lagrangian as evaluation of stresses at quadrature points will be always 
in the same material point independently of the motion. Therefore, velocities
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and acceleration fields are defined as stated below (they are supposed to be 
sufficiently smooth).
a ( x , i ) - « L 2  (2.2)
a2u (x,t)
UC M  =  — —  (2.3)
The velocity is the rate of change of current placement of the material 
point, and the acceleration the rate of change of the velocity of the particle. 
These rates would be given in eulerian description through the inverse motion 
Y-1 (x, t) =  X  (see Eqns (2.4) (2.5)).
v (x ,t)  =  x s(Y_1(x, t) ,t)  (2.4)
a(x, t) = x s(T -1(x, t) ,t)  (2.5)
where the subscript s is only to emphasize that they are defined by a 
spatial configuration. There are other types of configuration less general than 
the described, as updated lagrangian (where the derivatives are with respect to 
the eulerian coordinates and the integrals in the weak form are in the current
or deformed domain)or corotational (used usually for large rotations) [11]. A
corotational formulation is used for a formulation for beam elements in Chapter
4.
2.4 Strain and velocity -stra in  m easures
In our problem, we shall deal with nonlinear problems, either geometrically or 
materially nonlinearities and also large deformation or finite strains analysis
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have been carried out. In finite strains, the term VuTVu is a substantial
quantity with respect to the others. The Green-Lagrange strain measure takes
into account that term and keep the first requirement for any strain measure: 
it states any strain must vanish in any motion as rigid body. The Green or the 
Green-Lagrange strain E is defined in Eq(2.6).
ds2 -  dS2 = 2dX  • E • X  (2.6)
where ds2 and dS2 are the infinitesimal squared lengths of an arch in the 
current and reference configurations respectively. The change in length that 
occurs in the deformation of the body is described by the elemental material 
vector dX. Green strain can be written in terms of the deformation gradient 
as
E = i ( F r F - I )  (2.7)
with F the deformation gradient. This is demonstrated as follows. The defor­
mation gradient is defined as the rate of change between the current and the 
initial or reference,
^  dxF =  —  
dX
and being
ds2 = dx • dx and dS2 =  dX • dX 
writing now in notation with indices
ds — dxidxi — FudXi Fn~dX^ dXi Fn F^ dXj^ ^
=  dX,F%Fikd X k =  d X  • F r F • d X
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dS2 = dX  • dX  = dX  • I • dX  
taking in account Eq(2.6),
d X  • Ft F • dX  -  dX  • I • dX  = 2dX ■ E • X
and that must be true for all d X , thus, it finishes demonstrating Eq(2.7),
F t F — I — 2E = 0
This strain measure can be written in function of the displacement gradients 
(see Eq(2.8))
E = i  (Vu +  Vur  +  VuT • Vu) (2.8)
If an infinitesimal strain has been enforced in the body, the term V uT -Vu is 
small enough with respect to the other ones than can be dropped. The strain 
tensor for small strains, in well-known form, is then obtained. Analogously, 
in Eulerian or spatial description the strains are represented by the Almansi 
tensor where the same scalar product is now referenced to the spatial vector 
dx,
dx • dx — dX • dX =  2 dx • e • dx
e =  i ( I - ( F F T) - 1)
R em ark : the strain measures in spatial and reference configurations can be 
related through an operator E [11, 17]
e - H(E) =  F T • E • F -1 — > 'push — forward '
CHAPTER 2. FEM IN SOLID MECHANICS 36
R em ark : to show that the Green-Lagrange strain measure vanishes in a 
rigid body motion, we will consider a rigid rotation of our body Ll without 
deformation, i.e. without change in volume and/or distortion. The angular 
velocity of this motion will be called a. The current position of Q, at time £,is
x(t) =  RX (i) 
where R  is the rotation matrix at time i,
I cos(at) —sin(at)
\s in (a t)  cos (at)
Then, the Green-Lagrange strain is (taking in account the definition given 
above and the orthogonality of the rotation tensor),
E -  i  -  I  ( ( ^ ) r ( | ^ )  -  I) -  |  ( ^ - 1, -  0
The velocity gradient is defined in Eq(2.9) where v is as stated in Eq(2.2) 
for lagrangian description, and the velocity-strain in Eq(2.10) which is measure 
of the rate of square length change Eq(2.11).
L = £ = ( w ) T  (2 -9)
D = 1(L +  Lr ) (2.10)
r\ r\
gi(ds2) = ■ ^ (d x (X ,t ) -d x (X ,t ) )  = 2 d x - D - d x  (2 .11)
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2.5 Forces
The former section describes the deformation. The concepts of velocity gra­
dient, strain measures or deformation gradient have been introduced without 
reference to the force, traction or pressure. We can distinguish the following 
types of interactions,
• Forces per unit area applied in the boundaries of the body. They are 
interactions between the interior of the body and the exterior and, hence, 
transmitted through the boundary of the body.
• Body forces such as electromagnetic fields or gravitational fields which 
interact over all material points of the body under the effect of these 
fields.
• Internal forces due to the molecular interactions.
2.6 Stress m easures
2.6.1 Cauchy’s axiom
This axiom states that at a point x  the force per unit area over a surface S  of 
the body and normal n, depends on S  only through its normal. Therefore, any 
surfaces with normal n at x possess the same force per unit area. This force per 
unit area is called the Cauchy stress vector t(x , n, t). If this surface belongs to 
the boundary then it represents the force exerted by the surroundings of the 
body such as contact forces.
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2.6.2 The Cauchy stress tensor
As an implication of the momentum balance (see Section 2.7.2), the surface 
force vector t is linearly dependent on the normal n to the surface in which 
is applied t. It implies that exists a symmetric stress tensor (Cauchy stress 
tensor or true stress tensor) <r(x) such that the stress vector t(x, n) is given 
by Eq (2.12).
t(x, n) =  <r(x) • n (2-12)
Remark: Forces are transmitted trough discrete atomic interactions, hence, 
the continuum mathematical representation by means of a stress tensor is 
only valid for a representative scale to enforce the assumptions of continuum 
mechanics. This scale is often represented by a representative volume element.
cr(x) =  (7ijei<g)ej (2.13)
The Cauchy stress tensor in an orthonormal basis {ei, e2, e3} is represented 
by Eq (2.13). The component is the norm of the projection of the vector 
cr(x)ei) (i.e. force per unit area over a surface whose normal is the unit vec­
tor ej) in the direction of ej.A practical representation of the Cauchy stress 
tensor is that in the principal directions. In these directions, the shear stresses 
or those out-of-diagonal components vanish. The normal components are the 
eigenvalues of the tensor. The eigenvectors define the principal stress directions
<7^  = (cr(x)ei) - ej (2.14)
The forces in principal stress directions are strictly perpendicular to the sur­
faces defined by the these eigenvectors. Another practical consideration conve­
nient in constitutive modelling is the division of the stress tensor in hydrostatic
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or spherical tensor and deviatoric stress tensor Eq (2.15).
cr = Mrcrl +  cr' (2.15)
o
2.6.3 The First Piola-Kirchhoff stress tensor (PK1)
The Cauchy stress tensor is defined over a unit surface on the deformed con­
figuration. The PK1 P  is the counterpart defined over the undeformed config­
uration. Thus, if we denote by ds an infinitesimal area with normal n in the
deformed configuration and by dsQ an infinitesimal area with normal n Q in the
undeformed or reference configuration, the counterpart of the Cauchy stress 
vector t  is the PK 1 stress vector t PK1 Eq(2.16).
tpKi dsQ =  t  ds =  crnds  (2.16)
If the infinitesimal reference (or undeformed) surface is defined by two infinites­
imal vectors dq and dh, the normal in the deformed configuration through the 
mapping introduced by the deformation gradient has the next expression,
n 0 dsQ =  dq x dh
n ds =  F  dq x F dh
It can be demonstrated that the relationship between PK1 P n fl =  t PK1 and
the Cauchy stress tensor is given by Eq (2.17). See [17] for more details about
this.
P  =  det[F]aF~T (2.17)
R em ark : The First Piola-Kirchhoff stress tensor is unsymmetric in contrast 
to the Cauchy stress tensor. The PK1 stress tensor is also called the nominal 
stress tensor.
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A symmetric tensor is often defined as r  =  det[F] cr. It is called the Kirch- 
hoff stress tensor. Furthermore, other stress measure by a symmetric tensor is 
the Second Piola-Kirchhoff stress tensor given by,
S =  detlFjF-1 aF~T (2.18)
2.7 B alance principles in lagrangian configu­
ration
The conservation principles must be satisfied at any continuum solid or fluid
and at any time. These principles are the physical and compulsory basis in the
whole continuum formulation of this study and final computational implemen­
tation of it.
2.7.1 Conservation of Mass Principle
It states that the mass may not be destroyed or created h
Po(X) = p (x (X ,t ) )J (X ,t )  (2.19)
where pQ is the reference mass density2, p the spatial one during a motion 
x (X ,t )  and J (X , t )  the jacobian which is defined in 2 .20 .
d v
J (X , t )  = —  = detF (2 .20)
oV
1In Relativistic Physics may occur sources or sinks of mass, but not in non-relativistic 
case.
2The term reference refers to the material description, i.e. it corresponds to the initial 
density of the objective body if a motion or deformation from the initial configuration 
happened
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with F  =  the deformation gradient of the transformation, V  the refer­
ence volume and v the spatial volume of the body.
2.7.2 Linear M om entum  Balance
If we have a body Q subjected to traction forces on its boundary t(x , n) and 
body forces b(x) acting in the interior of the body, the momentum balance 
reads,
[  t(n ) ds + f  p(x) b dv  =  f  p(x) ii dv  (2 .21)
J dCl JQ Jft
It establishes the conservation of ’quantity of motion’ 3 or momentum. In 
differential form this balance can be expressed as follows,
D ivP  +  B =  paii in D
t  =  P n  in dD
where Div denotes the material divergence, P  the first Piola-Kirchhov stress 
tensor, B the body forces measured respect to the unit reference volume, t  the 
traction vector and n the outwards unit normal to the boundary dD.
2.7.3 Angular m omentum balance
It is stated in Eq (2 .22) and asserts the conservation of the angular moment. 
/  x x  t(n ) ds +  / x x  p(x) b  dv  =  /  x  x p(x) u  dv  (2 .22)
Jon Jfi Jn
2.8 B asic weak form for FE  d iscretisation
The posing of a weak form for the obtention of the momentum equation for
the discretised system of finite elements is essential. In our case, the Principle
3In spatial description is the well-known diva  +  b =  p0li.
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of Virtual Work (PVW) has been elected. In other approaches, Principle of
Minimum Energy or Principle of Virtual Power are taken as weak forms lead­
ing to a equilibrium equation. For more details about how it is implemented 
the reader is referred to the work of De Souza Neto et al. [116]. The PVW must 
hold for any finite element in which is discretised the domain as they must 
remain in equilibrium if the system is static or in dynamic equilibrium in the 
contrary case4. Finally, assembly for all elements of the domain gives the re­
sulting system of equations to be solved. Then, a numerical approximation for 
the displacement field is reached if a convenient strategy of solution converges 
to it. In this thesis, the different schemes to solve the system of generally non 
linear equations are exposed. Thus, consider the generic domain of a body Q, 
(this domain may correspond to the domain of a generic body and , hence, to 
the domain of a finite element resulting of a discretisation in space). The field 
of admissible displacements from a kinematic point of view is denoted by u and 
the virtual displacements field by u. Virtual displacements obey the continuity 
conditions and vanish in the boundary where prescribed displacements are en­
forced (dQu). Multiplying the momentum equation by a virtual displacement 
(or test function) and integrating for the whole domain, is obtained that,
And substituting in Eq(2.23) and using the Gauss theorem,it follows that
V u  G ft (2.23)
Using that,
div (cru) -- div cr • u  +  cr : V u
(2.24)
4In this case the terms of inertial forces and damping forces appear in the momentum 
equation.
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Taking in account that the virtual strain is e = Vu, it is clear that,
/  t  • u  ds — /  a  : £ dv + /  b  • u du =  0 (2.25)
J dQ JQ JQ
As Eq(2.25) must be true for any virtual displacement, the weak form reads: 
given body forces, prescribed displacements and traction in the boundary, the 
problems reduces to find the displacement field u  that solve Eq(2.25). This 
is the basic equation for the FE discretisation. It is applied in the domain of 
a finite element for a latter assembly operation of all elements for the whole 
domain of the body.
2.9 F in ite  E lem ent D iscretisa tion
2.9.1 Interpolation
In this section, the discretisation of the body domain carried out by finite ele­
ments is described. The Finite Element Method (FEM) used is displacement- 
based, i.e. the displacement of a particle of the domain is interpolated through 
the values of displacements in the nodes of the element which the particle point 
belongs to. This FEM is, in this study, concerned with the solution of quasi­
static structural systems, therefore, a lagrangian description of the motion is 
particularly convenient.
For all elements e of the mesh in which is discretised the domain, a shape 
or interpolation function is defined in each node of the element. Thus, an 
element with n nodes will have n  shape functions. A linear combination of 
these functions and the numerical values of displacements obtained in the 
nodes will give the interpolated approximation to any point inside the element 
Eq(2.26). The interpolation function has the characteristic of being unity in
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n
(+1.+D Ni
( + 1. - 1)
Figure 2.2: Parent element and shape function
the node in which is defined, and zero in the rest of them. In some examples 
of this dissertation, quadratic shape functions (defined at eigth-nodes finite 
element have been used, see Section 3.9.4. Thus, a more exact approximation 
is performed.
JV ftx ,)  =  (  * l f  1 = 3 (2.26)
 ^ 0 Vz 7- j
Any function defined over the domain of the element can be approximated 
through the shape functions. In Eq(2.27), the displacement in a generic point 
of the element is displayed.
n
U(x) =  Ni(*) U* (2-27)
i=1
The displacement of a point on the element (e) is interpolated through the
global displacements in the nodes by the global interpolation shape functions.
This is represented, for two degrees of freedom per node, by Eq (2.28).
up(e)(x) =  N 9(x) u
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u ^ ’(x) =
N[e) 0
0 n [
(e )
0 N.(e)
N,(e)Tl'node
N, ( e )H node
Ur
u\
Ur
UHnode1
uH-node
(2.28)
Analogously, we may represent the virtual displacements of a generic point 
on the element (e) by Eq (2.29).
u ^ ( x )  =
N \e) 0
0 n [W
up(e)(x) =  N 5(x) u
N)
(e)
(e)
(e)
n n ode
0 N,(e)Tlnode
u\
u\
~ 7ui
~ 7Un
f.TlnodeU1
'^.H-nodeILr\
(2.29)
e =  B u (2.30)
The matrix B which relates strain and global displacements, is often called the 
discrete symmetric gradient operator or simply strain-displacement matrix. In
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two-dimensional problems B reaches the format of Eq (2.31), where the comma 
indicates derivative in the direction of the corresponding degree of freedom.
B (e) =
0 jvW 0 . .. N {e) i'R'node) t 0
0 0 ]y(e)2,2 • 0 N {e)'Hriode
l\j(e)■zvl ,2 yy(e)2,1 1 N {e) N {e)T1node
(2.31)
£ =  B • u (2.32)
The stress tensor is often substituted by a vector format taking advantage 
of the symmetry of the stress tensor. Thus, the stress is represented by Eq 
(2.33) for two-dimensional analyses or in Eq(2.34) for 3D.
0 n
O = &22
012
011 022 033 012 023 013
(2.33)
(2.34)
2.9.2 The discrete problem
The principle of virtual work exposed by Eq (2.25) becomes after introduction 
of the interpolation functions Eq (2.35)
j  t  • N 9(x) u ds — I  cr : B • u du +  j  b  • N 9(x) u dv = 0 (2.35)
J dQ J Q J Q
Rearranging and, for clarity, dropping the upper-script g on the shape func­
tions,
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As the Eq (2.36) must be satisfied for any virtual displacement, it follows that, 
— f  B T • cr dv +  f  N T(x) • b  dv +  f  N T(x) • t  ds = 0 (2.37)
Jo. JQ J d£l
The problem reduces to find the global vector of nodal displacements that obey 
the boundary conditions,
- f (int)(u) + f (eit) =  0 (2.38)
2.9.3 Assem bly
The assembly operator / \ ^ ^ m is now introduced. It implies that each com­
ponent of the vector of global forces associated to a node is obtained as the 
sum of the corresponding contributions from the element force vectors of all 
elements that share that global node.
f% Tb&li&'f/I C l *  ^
Pnt(u) = J  B T - * d v  = / \  |  j  ~BT • <t d v j  (2.39)
/% /% Tielewi C (* (* ^
f  ext =  / N r . b dv +  /  N r ■ t  ds =  A \ /  N  T - b d v +  N T ■ t  ds \
Jn Jan I JanM J
(2.40)
2.9.4 Numerical integration
The exact calculation of the integrals of the forces are replaced by numerical 
approximations in quadrature points. For instance, a function in a generic 
domain T is approximated as follows,
« 71 g a u s s
/  /« )< £  ~  £  wt m k) (2.41)
Jr k=i
where Wk are the weights associated to each gaussian or quadrature point. If
we map a generic function g in the element domain, the standard domain T
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onto the element domain is approximated in the following manner,
/ g(x)dx = /  0 (x(£))J(£)d£ «  Y ] w k gk Jk (2.42)
Jon(e) J r  k=1
where J ( ( )  =  det[§|], Jk = J(£k) and gk = g{x(£k)). Now Eqs (2.39, 2.40) are
where the surface integrals have been approximated by gaussian quadratures on 
the boundary of the domain in an analogous manner to that for the numerical 
approximation in the interior of the domain.
2.10 D irect in tegration  o f m om entum  equa­
tions
The evolution of the approximate solution may be determined by integrating 
the semidiscretised momentum balance equation with respect to time. The 
direct integration methods usually adopted belong to the class of incremental 
Euler schemes, where approximate solutions are determined at discrete time 
increments.
Related Euler integration schemes are recovered depending on when equilib­
rium is sought within a time increment -timestep. Explicit integration schemes 
consider equilibrium at the beginning of each increment, thus enabling the pro­
jected solution to be explicitly defined in terms of known quantities. Implicit
represented in a ready-to-be-programmed manner as follows,
nelem s n'gauss
nelem s figauss Tlg a ussb
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integration schemes establish equilibrium during the time increments resulting 
in the projected solution being implicitly defined.
The explicit central difference integration scheme is adopted in the in some 
of the algorithms proposed in this dissertation, see Chapters 3. As a condition­
ally stable method, the time step needs to be bounded. Proof of this conditional 
stability can be found in many textbooks [5, 11, 7, 58]. In Chapter 3, further 
details are provided, such as critical time step for convergence or temporal dis- 
cretised equations. A formulation of the method is presented in the following 
section.
2.10.1 Central Difference M ethod (CDM )
The semidiscretisation by finite elements leads to a system of second order 
differential equations Eq(2.43).
M  iin +  C u n +  r nt(un) =  f ext (2.43)
where n  indicates the nth time step, M  is the mass matrix, C the damping 
matrix5, fm*(un) the internal forces vector, i ext the external forces vector, and 
u (tn), u (tn), u n are, respectively, the accelerations, velocities and displacements 
vectors. The following central differences are utilized for the approximation of 
thee corresponding derivatives,
un_i
2
(2.44)
Un+i — Un-±
a " =  T — 1 <2-45>
5Some techniques,such as dynamic relaxation, use an adaptive damping matrix and, 
hence, it is relying upon the time step. This optimises the attenuation of the transient 
response when solving a quasi-static problem
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un+i +  u  i 
u„ =  +2 2 2 (2.46)
where A tn has been set in a general form as an adaptive time each incre­
ment (Section 3.7.4). However, there are other works that traditionally have 
used constant time step with the only constraint of the stability requirement. 
Performing the substitution of Eqs (2.45, 2.46) in the momentum equilibrium 
Eq (2.43) results in the following expressions for the velocity,
2M  -  A tnC . fexi(tn) -  f int(tn)
U"U ~  2M  +  AinC U"-  ^ +  2M  +  At„C *■ '
With this expression the displacement at step n +  1 is simply given by,
un+1 =  u„ + AJ„+i u„+i (2.48)
The mid-time increments are calculated as follows,
A tn_ ,  =  Atn  +2A *’- 1 (2.49)
To preserve an explicit iterative scheme the mass and damping matrices must 
be diagonal. A special lumping technique to diagonalize the mass matrix is 
performed in Chapter 3. The damping matrix may be chosen proportional to 
the mass matrix. There are other forms, such as Rayleigh Damping, which 
ensures a diagonal damping matrix. This due to the use of an approximated 
diagonal stiffness matrix. The resultant damping matrix is, then, stiffness and 
mass proportional. This damps a wide range of frequencies. Therefore, it results 
in a optimized strategy when pursuing the steady state of the transient system. 
Thus, if a mass proportional damping, C =  pM , is elected and substituted 
into Eq (2.47) the velocities and displacements may be expressed as in Eq 
(2.50).
2 - A tnp .  , f ext (tn -  f ini(tn) /rt .u„+i =  T— n i +  2At„M  ---- 2-2A------ LH2 2.50)
n+2 2 + Atnp 5 " 2 + A tnp y '
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M -1 is diagonal as the mass matrix is diagonal ((M -1)^ =  ^ - ) .  The system 
is formed now by a set of uncoupled algebraic equations. Each time step is 
relying on the former time step. Therefore, it renders an explicit method and 
as all other explicit methods is conditionally stable.
2 - a  tnP / r ‘(in) - / r ‘w
=  2 T A +  2At“ (2 +  A tnp)mu (2'51)
The step is completed with the update of displacements by Eq (2.48) which is
written in index notation in Eq (2.52).
'Uji,n+l 'U'ifTi T A tn (2.52)
In itia tio n  of C D M
The Eqs (2.50,2.51) need the not-known velocity at t_±. We need other initial 
condition to start the iterations. Thus, using Eq(2.46) and uq =  0 is obtained 
that,
u _ i =  —u i  (2.53)
For the first iteration, the Eqs (2.50,2.51) become,
H  =  A t „ M (2 .54)
A, / r ‘( i o ) - / f ‘(io) ( n . . .
= A tn -2^   (2'55)
2.10.2 Dynamic Relaxation
The problem is reduced to optimize mass matrix, damping matrix and time 
step to get the maximum velocity of convergence to obtain the displacements 
such that internal and external forces are in equilibrium. This can be achieved 
by the use of dynamic relaxation. The static solution is obtained as the at­
tenuation of the transient response of the structural dynamic system, i.e. the
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steady state. Thus, it should be noted that only the internal and external forces 
vectors represent the physical problem. Therefore, mass and damping matrices 
have not necessarily to represent the physical reality. The update and dynamic 
relaxation quotient are given by,
u„+i =  u„ +  At„+iu „ +i (2.56)
(2 '57)
K u =  (2.58)
Observe that the stiffness matrix is approximated each iteration for the unique 
purpose of updating of the damping matrix.
Chapter 3
A Novel In-Tim e 
Im plicit-Explicit A lgorithm  for 
Nonlinear Finite Element 
Analysis
’....Ray Clough told me that the Finite Element Method is a good thing. We 
both don’t know anything about it. Let’s try..’. O .C . Zienkiewicz; 1962.
3.1 Introduction
The Finite Element Method (FEM) has proved to be a numerical procedure 
convenient to solve differential equations systems corresponding to physical 
models. The direct integration of the momentum equations 1 strong form or the
1 These equations are based in a finite element discretisation of the domain of the body 
as explained in chapter(2)
54
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solution of weak form through implicit solvers (e.g. Newton-Raphson, . . . )  have 
been carried out according to the type of problem. However, some problems in 
finite element analysis may not be readily solved by implicit methods of solu­
tion such as contact between corner and curved concave surface [16, 69, 84, 93]. 
In such cases of non-smooth contact, e.g. where a sharp-pointed edge contacts 
a concave surface, or critical points, such as buckling points, explicit (EXP) 
or direct integration of the momentum equations is an alternative scheme of 
solution, Figure (3.1). However, this last situation would involve a high com­
putational cost in time (as its stability is conditioned by means of a critical 
time step) in domains with a high number of elements. At this stage, the idea 
of executing an implicit method until divergence arises and in that point start­
ing to solve with an explicit method is served [86]. Additionally, the execution 
may return back to the implicit scheme (IMP) once the divergence source has 
been passed and the external loading is not totally applied.
Other problems difficult to solve with implicit methods include discontinu­
ities emerging in the physical body or when the load applied in large defor­
mation analysis is so high that execution starts to differ from the real solution 
if the load factor applied is not reduced . It leads to divergence too. Explicit 
methods, such as the Central Differences Method, obtain the solution always 
when the time step is smaller than a critical value. Lax’s Theorem states that 
stability2 and consistency3 are sufficient and necessary conditions for conver­
gence. Therefore, the critical time step must not be exceeded in order to obtain 
stability of the numerical method (conditional stability).
It is important to remark that no division of the mesh, element-partitioning
2 The numerical does not diverge
3The approximation tends, in the limit,(At —> 0) to the differential equation
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Original initial boundary value problem (IBVP)
Two major numerical approximations:
•Integration algorithm to solve the constitutive equations of the model that 
relate stresses to the history of deformation.
•Finite element discretisation (NFE).
Discretisation (time) Linearization LNIFE
Solve directly the discretised Set of incremental (generally non­
momentum equation linear) algebraic equations
Figure 3.1: Numerical approximations of the schemes considered. Linearised Non-linear 
Incremental Finite Element equations (LNIFE) (implicit) and direct time integration by 
Central Difference Method (explicit) after FE discretisation.
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or nodal partitioning for separate treatment of the solution is made as this is 
widely studied: a first method with element partitioning is described in [59] 
among others such as [9, 51, 60]. The aim of this chapter is to illustrate the 
implicit/explicit (I/E) algorithm in-time without going into contact problems 
at this time. A connection between the full Newton-Raphson Method with im­
plicit backward Euler pseudo-integration (integration algorithm) nested (im­
plicit, IMP) and the Central Differences Method (explicit, EXP) has been 
elected. A description of the implicit and explicit schemes coded and their 
connection is presented. Buckling analysis including snap-through has been 
carried out to validate this in-time implicit/explicit (I/E) code as this sort 
of problems does not converge with Newton-Raphson unless arc-length proce­
dures are employed. Nevertheless, arc-length methods find difficulties of con­
vergence in snap-back analysis if an appropriate path prediction is not provided 
[43, 45, 44, 115]. Furthermore, analysis corroborating the explicit code ,alone 
,has been executed in order to guarantee the entire program will run properly. 
This study has also been published in the ’Communications in Numerical 
Methods in Engineering’ journal [31] and in abbreviated form in the proceed­
ings of the ’3rd M IT Conference on Computational Fluid and Solid Mechanics’ 
[30].
3.2 Sources o f in stab ilities and nonlinearities  
in structures
Nonlinearities are classified due to their source in mathematical terms of 
the Continuum Mechanics and related to the physical problem of the struc­
ture. The general form to interpret nonlinearities are either load vs. deflection
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(scalars) or force vs. displacement (vectorial) relationships. Henceforth, load vs. 
deflection or components of the force-displacement relationships will be used 
to plot in a two-dimensional graph. These curves are assessed in the special 
points that characterize the nonlinear behaviour. The response of the struc­
ture following these curves is usually named equilibrium path . A convenient 
classification of these special points is [40, 41]:
• Turning points, the equilibrium path suddenly stops or jumps because of 
a physical failures in the structure. This is generally due to the material 
of the structure. These failure either may be instantaneous and jump to 
other state of equilibrium or can be catastrophic and the structure does 
not reach the equilibrium any more.
• Critical points, these points can affect methods of solution. They will be 
central part in this chapter as the proposed algorithm is performed to 
solve the problems generated by them.
3.2.1 Critical points 
S n ap -th ro u g h
The first linear part of the curve is suddenly dropped by softening after the 
first limit point. In this softening regime, the response has a negative stiffness 
and generates instability. After this softening, the slope of the curve turns 
positive and the structure hardens (positive stiffness)Figure[3.2]. This type of 
behaviours may be observed in shallow arches loaded in the mid-span.
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Snap-back
In this case the curve turns back after the first limit point, i.e. onset of softening 
regim,e causing the appearance of turning points Figure[3.2], The equilibrium 
between limit points may be stable, however from our perspective the limit 
points may cause numerical instability when simulating these behaviours with 
a computer method.
F
Figure 3.2: Snap-back (in red) and snap-through (in blue) responses
3.3 E las to -p la s tic  c o n s ti tu t iv e  m odel
Von-Mises constitutive model is used for small strain problems. A brief re­
view for two-dimensional elasto-plastic constitutive models is presented in this 
section and the Von-Mises constitutive model in Section [3.4], The basic con­
stituents of the elasto-plastic model are,
1. Decomposition of strain in elastic and plastic parts.
2. Elastic evolution.
3. Yield criterion which is geometrically expressed by a yield surface.
CHAPTER 3. IN-TIME IMPLICIT-EXPLICIT ALGORITHM 60
4. Evolution of the plastic strain: plastic flow rule.
5. Evolution of the yield border: hardening law.
3.3.1 Yield surface
This surface limits the elastic domain. It has a negative value for elastic de­
formations and zero when plastic strains occur, i.e. plastic flow has started. It
is a surface in the space of stresses. The elastic domain E  can be defined as,
E  = {ct\\Y((t , ol) < 0} (3.1)
And the yield surface is defined as,
P  = {<t \\Y(<t , cx) = 0} (3.2)
3.3.2 P lastic flow rule and hardening law
The evolution of the plastic strains and state variables are chosen by the mod­
eller. Thus, work hardening or accumulated plastic strain are generally ac­
cepted as internal variables. In the case of existence of damage because of 
growth of voids and coalescence of them, a damage variable varying between 
zero and the unity and degrading the stresses [70] is needed as internal variable. 
In a general way the plastic flow rule and the hardening law can be postulated 
as,
i p = "yN(cr, a )  = 7 ^  (3-3)
where N(cr, a )  is the vector of flow. The hardening law is as follows,
6l = 7 H((T, a )  (3.4)
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where H(cr, a )  defines the evolution of the hardening variables and is called 
the generalized hardening modulus[116]. N  and H can calculated from the 
existence of a flow potential. If this potential is the yield function the flow is 
called associative. Metals models are usually chosen as associative.
3.3.3 Loading/unloading criterion
Evolution of the plastic flow Eq 3.3 and hardening Eq 3.4 is complemented 
with the loading/unloading criterion,
$  < 0 7  > 0 $ 7  =  0 (3.5)
3.4  V on-M ises con stitu tive  m odel
3.4.1 Von-M ises yield criterion
This criterion states than the plastic yielding starts for a critical value (av) of 
the deviatoric stress invariant J2(s) where s is the deviatoric stress tensor. This 
invariant is a function of the state variables. The hydrostatic pressure does not 
influence the yield criterion definition such as happens with the Tresca yield 
criterion. In a state of pure shear, i.e. outer Mohr circle centered in the origin, 
<71 =  —a2 > 0 , (73 =  0 and, hence, y / l ^ s )  = Tmax = 0 \. The yield function for 
pure shear is,
$(<r) =  y /J 2{s) -  r y
. In the case of uniaxial stress the criterion is postulated as,
$(<j) =  y /3 J 2(s) -  (JV
where ay is the uniaxial (tension or compression) yield stress, y/3 J2(s) is 
known as the Von-Mises effective stress or Von-Mises equivalent stress. The
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relation between the uniaxial yield stress and the shear yield stress is given by,
gv — \JZry
The multiaxial Von-Mises yield surface $(0) is represented in the space of 
principal stresses as a infinite cylinder with the hydrostatic line as axis of 
the cylinder. The Von-Mises yield surface fits better than Tresca yield surface 
(hexagon) for most metals. Both surfaces, Von-Mises and Tresca coincide in 
shear (pure shear occurs at an angle of 30° with the principal axes of stresses).
Plastic corrector
Elastic predictor
Elastic domain
Figure 3.3: Detail of pseudointegration in perfectly plastic material
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trial
°rtH
Plastic corrector
Elastic predictor
Elastic domain at t»
Figure 3.4: Elastic prediction - plastic correction pseudointegration for hardening
3.5 In tegration  a lgorithm  for th e  V on M ises  
m odel w ith  isotrop ic hardening
In a time increment [tn, tn+i]> the increment of strain is given by Eq (3.6). The 
state variables are the elastic strain and the accumulated plastic strain e£ 
at the beginning of the time interval [tn, t n+1]. The trial state is defined in Eq 
(3.7).
A s =  en+1 -  en (3.6)
(3 .7)
C r '  =  (3.8)
The trial stress tensor is computed assuming elastic evolution in Eq (3.9), 
Figure (3.4). The trial yield stress depends on the accumulated plastic strain
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at tn Eq (3.10).
t rial  __ T^e . e trial ( o  Q \
n + 1  —  U  • n + 1  V0 ,b V
(3-10)
If <Jn+i lies inside of the trial yield surface Eq (3.11), the evolution is purely 
elastic within the time interval [tn, tn+i] and the trial state is the solution.
* ( < £ « .  « V . ) < 0  (3.11)
The computational update is simply performed as follows,
< + i  =  (3-12)
C - i  =  (3-13)
o-n+1 =  (3.14)
O-yn+l =  V y ' n t l  =  & y n  (3.15)
Otherwise, the evolution is elasto-plastic and the trial state lies outside of 
the elastic domain defined by the yield surface. Therefore, a return mapping,
Figure (3.4), is conducted. The implicit return mapping equations for the Von-
Mises model are,
£+i =  (3-16).e t r ia l  A_ , .  i ^n + l3 ||sn+i||
e£+1 =  e£ +  A7  (3.17)
0 =  y /S ^ S n + l)  -CTy(£Pn+l) (3-18)
This set of algebraic non-linear equations has to be solved for £®+1, £pn+i and 
A7 . sn+1 is the deviatoric stress tensor Eq (3.19).
sn+i =  2 Gdev[een+1\ (3.19)
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The system can be simplified in number of equations with the single-equation 
return mapping having the plastic multiplier Ay as variable. This reduction 
makes the process more computationally efficient. For more information the 
interested reader is referred to [114].
3.6 Im plicit sub-algorithm
The solution of the weak form of the momentum equations by Newton-Raphson 
Method (NRM) is used. In nonlinear analysis a convenient scheme 4 to integrate 
the rate constitutive equation is required. The algorithm will depend on the 
type of material 5 and the consideration of large deformation or not. In this 
study, the implicit algorithm is devoted to the general case of path-dependent 
materials and large deformation, taking into account that the objective of this 
work is the connection of this implicit algorithm and the explicit one and not 
the success in a particular type of material model or geometry.
The implicit algorithm is based upon a pseudo-time discretisation (Simo 
and Taylor [107]) considering the transition of deformation between two time 
points. The implicit backward Euler method coupled with the Newton-Raphson 
iterative scheme is utilized [92, 106, 116]. Thus, if a time increment [tn, tn+i]
and set of internal variables a n at tn are given, the deformation tensor e(tn+1)
must determine the stresses cr(tn+1) and internal variables only through the 
integration algorithm, i.e.:
<r{tn+i) = <r(an,£ n+i) (3.20)
^(^n+l) Ol{oltj,, £n+l) (3.21)
integration algorithms like for example the return mapping algorithm
5In general, path-dependent materials.
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After discretisation of the domain into finite elements, the problem is commit­
ted to find displacements u n+1 at time tn+i, so that the incremental nonlinear 
FE equation, (5.17) is satisfied.
H (u n+1) =  f int(un+1) -  =  0 (3.22)
where internal and external forces vectors are obtained by
nelem  s »
r nt(un+1) = A /  B T a ( a n,£ (u n+1))dv  
'e J [  l i f i W
nelem s „ „ x
C i =  A / N TW ^ +  / N r q n+t ds > (3.24)
e=1 I J d n ^  )
where rj) are bilinear shape functions, b n+i are the body forces, qn+i 
the traction forces applied over the boundary of the body and B is the linear 
strains operator which has the next format (in plane stress/strain analysis) for 
the generic element (e) (the first subindex denotes number of local node and 
the comma derivative):
"Sf
1
0 N i t 0 . . N {e) in n o d e i 0
B = 0 0 A/-(e)2,2 • 0 N (e)
1
/u(e)2,1 • N T^l-node N (e) i^ n o d  e>l _
Equation (5.17) needs to be linearized in order to enable a numerical procedure. 
Details of this may be found in de Souza et al. [116].
3.6.1 Solution to the implicit incremental problem
As stated above the NRM has been utilized in the solution of equation (5.17) 
(note that, in elastic materials, solution is immediate with some algebraic 
method as Frontal [85]) because of its quadratic rate of convergence. It consists
(3.23)
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in solving within each iteration the linearized version of equation (5.17) for the 
incremental global displacement S u ^  :
K  T5u{k) = - JR(fc- 1)(un+1) (3.25)
where is the global tangent stiffness matrix given as,
d R
Kt =
.(fc-i)
n + 1
(3.26)
d txn+i
which is obtained by assemble of element stiffness matrices:
= [  B TD B d »  (3.27)
where D is the consistent tangent stiffness matrix ( de Souza et al. [116]):
d a
D = (3.28)(k—i) 
n + 1
den+1
The implicit scheme in compact form is presented below. Note at point 7 of
Box(3.1) that the flow of execution is diverted to explicit if needed.
As indicated below the initial values (displacement and residual) to initial­
ize the explicit algorithm are the solution obtained at the last load increment 
that converged.
3.6.2 Formulation for finite strains
In the case of finite elasticity, the material is independent of the path and, 
hence, internal variables are not needed in the estimation of stresses. Thus, 
they can be evaluated without any numerical integration algorithm.
The former statement (general case of path-dependent materials) is also ap­
plied here to update stresses and other state variables through a numerical 
integration algorithm. Moreover, the next formulation in the case of finite
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BO X  3.1: IM PLICIT INCREM ENTAL PROBLEM
1. Initiate (fc=o)
u {0) -  un + 1  — U n
R = f int(un) - r xt
2. For all elements, calculate consistent tangent stiffness matrix.
da
de n + 1
D =
3. Assembly of stiffness matrices
T lgaus
k<f>=
3 =  1
4. Increment iteration counter (fc=jfc+i), assembly, solve the linearized equi­
librium equation (5.20) and update stresses and internal variables:
« ! + i  =  u i+ i1 )+ Su(k)
W -O W 
4 - i - i  = B « n + i
(k) ~ ( (k) \<+1 =^(«n ,<+l)
(A:) ~ /  (A:) \
« n + l  = a ( a n , 4 + i )
5. New internal forces at each element
R g a u s
j=i
6. Gathering of element internal forces vector and updating residual.
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(Continues box 3.1)
7. If iterations diverge then go to the EXP scheme (see Fig 3.11), 
else:
|| jt e x t  p i n t  ||
(a) If J! ii^ edy < e then the solution for current external 
load is reached and values for this load are from the last 
iteration (•)„+! =  (•)Jlfe| 1
(b) else go to (2).
8. If the total load is not completely applied, increment the ex- 
ternal load, else exit.__________________________________ y
strains are considered in the analysis.
The stresses are given by crn+i = d-(ctn,F n+1) (right-hand side is named al­
gorithmic incremental constitutive function) with F n+1 being the deformation 
gradient at the end of the interval [tnitn+1]- 
Now, the load vectors are based on the deformed configuration:
nelem (  p
r ‘K +1) = A \  /  B ’’o-(an>F K +1) )d « l  (3.29)
e = l  v ^ ¥>n+i(n(e)) J
nelem s p p n
C l  = A \  N " b^ dv  +  / N r +1 ds (3-30)
e=1 I J Jd<Pn+l(S?(e)) )
where c/?n+1(0 (e)) is the current deformed domain. For details of linearisation 
see the work of de Souza et al.
A generic iteration of NRM is, as before (see above), applied to solve the
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standard linear system.
K TSu{k) = (3.31)
where is now obtained Eq(3.32) through G which is the discrete (full) 
spatial gradient operator. G, in plane stress/strain analysis, has the format 
given in Eq(3.33).
nelem
KT = A
e = l
GTaGd« (3.32)
G =
0 yy(e)2,1 0 . .. N {e) iT ln o d e 0
0 0 M-(e)2,1 • 0 N {e) 1^ n o d e U
M-(e)1,2 0 A/-(e)2,2 0 . N (e) oH n o d e  $ 0
0 yy(e)1,2 0 ■ 0 /V(e) 0n n o d e P ‘
(3.33)
The fourth order tensor a  is the consistent spatial tangent modulus and, in 
cartesian components, is defined by eq.(3.34) at the end of iteration (k — 1).
_ 1 dTij ^  _ j.
&ijkl 7 m & ilVjk (3.34)J  dFkm
The main modifications for the case of finite strains are displayed in Box(3.2).
3.7 E xplicit sub-algorithm
The explicit scheme ( The Central Differences Method (CDM)) integrates di­
rectly the spatially discretised dynamic equilibrium equation at time tn Eq(5.23). 
Therefore, there is a discretisation of the domain by finite elements and a dis­
cretisation in time by finite differences around a central time-point.
Mii(tn) + Cu(f„) + fmt(un) = f?ext (3.35)
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BO X 3.2: IM PLICIT INCREM ENTAL PR O BLEM  FOR  
FINITE STRA INS
1. Computation of consistent spatial tangent moduli
. _  1 dnj ^
ttijkl  t  Q  7~ i Im &ilVjkJ  dFkm
2. Assembly element stiffness matrices
Tigaus
i—1
3. Updating of deformation gradient
4. Use of constitutive integration algorithm to update the stress and other 
state variables
O'n+l =  ^ ( “ n .F i+ j)
“ i+1 =  a ( « n .F i+i)
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where M  is the mass matrix, C the damping matrix, fmt(un) the internal forces 
vector, f ext the external forces vector, and ii(tn), u (tn), u n are, respectively, 
the accelerations, velocities and displacements vectors. The approximations of 
these are carried out, as indicated above, by central differences. Algorithmic 
details of the CDM are presented in Section 2.10.1. An adaptive time step is 
adopted. Thus, in each temporal iteration, a long step may be intelligently 
elected if the stability criterion allows it, saving computational time (see Sec­
tion 3.7.4).
U ( i„ .1/2) =  U{tn)  (3 .36)
Firstly, the assembly of matrices and vectors is needed for all nodes and degrees
t+nAt
t+(n-1 )At
t+At
o  —  o  *-■> ot
o
MESH DOMAIN
Figure 3.5: Schematic representation of the evolution of a solution executed by the I/E  
algorithm.
of freedom. Boundary conditions are easily managed as these are transferred
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directly as displacements and/or velocities in the nodes of the boundary. Initial 
conditions in our combined in-time implicit/explicit algorithm are given in
scheme is carried out), then initial displacements and velocities are set to zero.
3.7.1 Lumped mass m atrix
A lumped mass matrix is elected because a diagonal matrix results in an un­
coupled system of equations which is computationally convenient. The mass 
matrix is evaluated in the undeformed configuration, before the beginning of 
the explicit iterations.
An approximation needs to be assumed to obtain a diagonal mass matrix. That 
is, to use a special lumping technique which ensures mass conservation i.e. the 
sum of masses in each point of the mesh must be the total mass of the body 
15].Thus, one third of the mass of a triangular element is assigned to each 
iode or one fourth to each node of a quadrilateral. Obviously, the mass of an 
element is the the total mass of the body by the proportion areaof element ^J J r r- totalareaoj domain
3.7.2 Damping matrix
The explicit in-time integration of the discretised space equations of dynamic 
equilibrium can exhibit strange and annoying oscillations. These can be con­
trolled by damping values. Furthermore, in highly nonlinear materials it is con­
venient to use a damping which can vary with the stiffness [6]. The damping
6This is introduced to allow unstructured-mesh-domains to preserve the total body mass
the section Transition implicit/explicit. If option 2 is elected (solving with 
the explicit algorithm from the beginning and no use of the implicit/explicit
nelem
(3.37)
CHAPTER 3. IN-TIME IMPLICIT-EXPLICIT ALGORITHM 74
matrix is elected proportional to diagonal matrix L to provide computational 
advantage. This leads to a system formed by uncoupled equations.
C =  aL  (3.38)
Most commonly used is lumped mass matrix proportional damping ([94] or 
[64]) C =  a M . There are other options such as Munjiza’s proposal [78] which 
includes stiffness and mass relation to obtain damping values.
L =  M (M -1K)m (3.39)
If m  =  1 a stiffness proportional damping is introduced, which results in high 
frequencies being damped. However, the critical time step decreases with in­
creasing damping, leading to increasing computational cost. All frequencies 
are damped effectively if m  =  0.5, and we can tune m to adapt to our prob­
lem requirements. In this section it is almost obligation to mention Rayleigh 
damping which is widely employed in engineering applications and is a linear
combination of mass and stiffness. This damping can be tuned to damp high
or low frequencies. There are many references treating this damping, among 
them are [94] or [64].
M ass Proportional Dam ping
An effective manner to develop mass proportionality has been studied and 
implemented in the explicit code. This consists in calculating the natural fre­
quencies of each node and degree of freedom (named i by simplicity in the 
equations) as a function of a stiffness approximation to each of them as indi­
cated in Eq (3.40).A discussion about stabilization of numerical computations 
via the introduction of artificial damping is presented in [90].
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Ci = 2 ^ M i  (3.40)
where is given (after homogeneous system of equations solution; see 
Section 3.7.4) by
Ojf = Ki/M i (3.41)
o
Rayleigh D.o
O)
• I  $1—
BCTJ
D
Stiffness proportional D.
Mass proportional D.
FrequencyCDi
Figure 3.6: Dampings 
D am ping proportionality constant
Numerical damping proportionality constant a  can be chosen from the dy­
namic relaxation method. This is convenient for problems with high non-linear 
material and/or geometric behavior [94]. In addition, this damps a wide range 
of frequencies with equivalent efficiency [7]. The dynamic relaxation method,
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Section 2.10.2, computes every deformation mode to define an equivalent fre­
quency. This method chooses the smallest frequency in order to achieve a 
critical proportionality constant as follows:
u t K u
u M u
^min — TTLZTL <
J _
< At
Then, the damping is defined under minimum frequency proportionality:
C =  2 UJmin ? B (3.42)
3.7.3 Damping and velocity of convergence
Why damping is important? this question should be answered from two points 
of view. Firstly, physically, damping is the term associated with the loss of 
energy in the vibration of a mechanical system or body [56]. This loss of en­
ergy is difficult to measure experimentally, ft is generally accepted that a force 
vhich is dependent on the velocity of the system response will dissipate en­
ergy. All above consider dynamic systems, in our problem we are interested in 
'.he solution of a quasi-static problem considering damping and inertial forces 
n  the dynamic momentum equation. This seems artificial, posing dynamic 
equations for static systems, but it permits solution of complicated problems 
provided that the time step was under a critical value as it will be described in 
'.his thesis. Dynamic terms must vanish in the converged static solution. For 
-,hat a basic form of damping is the viscous one which is velocity proportional 
:orm of representation of that loss of energy. Viscous damping has been ex­
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tensively used in this study because we model mechanical system 7 and ,also 
, by its simplicity. Secondly, from a pure mathematical perspective, damping 
is an factor that influences the velocity of convergence, when used in a system 
of ordinary differential equations corresponding to a system in equilibrium. 
Latter on, an artificial and conveniently elected damping will be used in the 
formulation of a quasi-static system of differential equations. In the rest of 
chapters of this study and in its programming by explicit methods, a initial 
study of every particular problem has been carried out in order to determine 
the range of optimum damping. This range can be calculated taking relevant 
equations8 and testing this single equation in a simplified form with different 
damping coefficients. Although, this system is quasi-static, the accelerations 
and velocities terms are introduced and will vanish in the static solution. The 
damping role is getting an optimum velocity of convergence. If the damping is 
over-damped the solution to the quasi-static problem can be of such slowness 
that computationally is not recommendable. The reverse , under-damped sys­
tem, maintains similar with oscillations that ,in very under-damped systems, 
seem they never will stabilize in a solution to a static equilibrium problem. To 
test the above stated, we can use the mechanism with one degree of freedom 
(see Figure(3.7)) compounded for a spring (k = 5 • 108A /ra), a damper (with 
variable damping coefficient), a particle (to =  100kg) and a constant external 
force (F  =  2000A"). It is clear that the solution is static as the force is not in­
creasing and there are not other loadings considered. The differential equation 
is shown in Eq(3.43) and the solution is carried out by finite differences. The 
scheme is represented below.
7Also, energy loss by acoustic radiation or fluid-structure interaction can be effectively
modeled by viscous damping [56]
8E.g, the equation corresponding to the variable associated with a nonlinearity
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m x + cx + kx = F  (3.43)
where x is the distance between the particle and the wall.
C
k
X(t)
Figure 3.7: System with a one degree of freedom
Several damping were used to see the rapidness in which the static solution 
to the system of Figure(3.7) was reached. The results are plotted in Figure(3.8). 
Observing the plots for damping coefficients in the range [105, 106] and overall 
for the right boundary of this interval, the static solution is reached between 
0.008 and 0.0095. A less value of damping decreases oscillations peaks slowly 
and in complex systems of equations it could lead to an unconditioned system. 
For excessive values of damping (e.g. 108), the value of £ in a static (in a fluid, 
it would be the solution to the steady flow) convergency to the solution of 
equilibrium might take a lifetime!!.
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BO X  3.3: EX PLIC IT ITERATIVE PROCESS FOR TH E ONE  
D .O .F. SYSTEM
(i)-Loop over time steps
m  c m  c
tn+1 = t n + At; c2 =  -  +  - ;  c3 =  - - -
A t  = OL\j— f ini(tn) =  k x ( tn)
V m
(ii)-Solve by central velocities
^ -----------------
±{tn+l)  + ±(tn+l)
X(tn) =   j -------- --
(iii)-Update displacement
x{tn+i) = x( tn) 4- A tx { tn+Cj
(iv)-Prepare next iteration
t-n  ^ n + l j  3 ' ( j ' n )  * ^( ^ n+l ) >  ^ ( ^ n + l )
(v)-IF stop criterium is satisfied THEN exit, ELSE go to (i).
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Figure 3.8: Solution by finite differences of the one d.o.f. mass-damping-spring mechanism 
with different damping coefficients
3.7.4 Time step criteria
The step time for the CDM must be less than a specific value to guarantee the 
stability of the scheme and therefore its convergence. This value is bounded by 
the natural frequencies and damping ratio relationships as stated in Eq (3.44).
A t < m in — (—£i +  J 1 +  £z2) (3-44)
UJi
where are the natural frequencies and C the fraction of critical damping at 
each node i of the mesh. This inequality is satisfied if the maximum frequency 
in the mesh is elected. The maximum frequency can be calculated knowing 
the maximum eigenvalue of the mesh as LO-max — \J Amax^  • Moreover, the 
maximum eigenvalue can be bounded by the maximum element eigenvalue 
A maf'* <  A mix, Irons et al. [61], [62], The eigenvalue computation adds more
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processor time, so an alternative practical way is to invoke formulas which 
can bound adequately the step time for some problems. Thus Eq (3.45) is 
obtained for linear problems. When nonlinearities emerge a reduction of this 
upper-bound must be considered (typically the range goes from 80 to 98 per 
cent, [11]) taking into account the type of problem.
where L e is a characteristic element length which is frequently adopted as 
the minimum length in the smallest element of the mesh and ce the wave- 
speed Eq (3.46). Thus, we may see that critical the time step decreases with 
mesh refinement and increasing stiffness of the material. The ratio of critical 
time step needed is called Courant’s number in the literature. Therefore, the 
time cost of execution depends basically on the element size and nonlinearity 
of material. The frequencies for all nodes and degrees of freedom in the mesh 
are approximately calculated by the code. The maximum frequency bounds the 
critical time step Eq(3.49). A particular expression is usually chosen, depending 
of the type of analysis. Eq (3.47) for plane strain problems or Eq (3.48) for 
plane stress.
A t < m in —  
ce
(3.45)
(3.46)
(3.47)
(3.48)
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IMP
EXP
IN TERFACE
Converged in former load step
Last iteration 
diverging
u (0
u (0
Figure 3.9: Schematic details of the strategy where the swapping between sub-algorithms 
is remarked
These steps of time are very restrictive and not adapted to new conditions of 
the next iteration. Step time adaptivity has been utilized in the programming, 
it attempts to perform a proper step time under the conditions of the natural 
frequencies of the system at this time point 9. Thus the critical time step is 
selected as,
A t (tn+1) = --------2 (3.49)
maxi{(jji(tn)}
This statement has given place to a faster performance than using a con­
stant time step as Eqs (3.47) and (3.48). The natural frequencies are deter­
mined from homogeneous problem Eq (3.50). Its analytical solution is in the 
form u(t) = ue~jujt (j  = \ / —1), substituting in Eq (3.50) an eigenvalue problem 
is accomplished.
9A similar scheme to calculate critical time steps is given in [82] for central differences 
and contact problems. The critical time step is shown as a function of the contact conditions 
in this approach
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M ii +  K u  =  0 (3.50)
introducing the analytical solution form,
u(t) =  uexp(— ju t )
u(t) = —ju u e x p ( - ju j t )  
ii(t) =  — cu2uexp(—ju t )  
which gives after introduction to :
—uj2M.(cos(iut) — js in (u t))  +  K  (cos(u)t) — jsin(cjt)) = 0
which leads to the classical eigenvalue problem
| - l u 2M  + K\ = 0
where uj2 are the eigenvalues of the system that provide the natural frequencies 
for each node and degree of freedom, i.e. each variable.
In this explicit code the stiffness matrix is never computed and an approxima­
tion is done in order to know the natural frequencies,
T f  ( - - >  ( 3 .5 1 )
iii V A tn
with this approximation the stiffness matrix becomes diagonal and the 
computational cost of the eigenvalue problem is saved because the natural 
frequencies may be easily calculated from Eq(3.52).
and the critical step time is selected as stated in 3.49.
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INFUT FILE 
INITIAL DATA
Loop over load increments
Type
Implicit or combined
flow
EXPLICIT
PROCEDURE
IMPLICIT
PROCEDURE
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/  Total \  
external loading 
V  applied ?
NO NO
Flow  combined ?Couvergeucy ?
YES NO YES
Next load increment
Plot results and EXIT
Figure 3.10: Simplified flowchart of the in-time implicit/explicit algorithm
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3.8 Transition im p lic it/ex p lic it
The last converged iteration at IMP (displacement u) is transferred to EXP 
as initial conditions. That means we have displacements at t = 0 equal to 
the displacements obtained in the last iteration of the implicit method which 
generally will not be an equilibrium point. Thus, the final internal forces and 
displacements, from IMP, are used to determine initial accelerations and ve­
locities for EXP.
r n*(u) -> r n*(o) 
u -> u(0)
Initial velocities for EXP are approximated as follows:
_ fr‘ -  fr‘( o)
*( }  Mu
Ui(0) =  Ui(0) At(0) +  ii~(0)
u - ( 0 ) = 0 . 0
where At(0) is the initial time step. After the first iteration, an adaptive time 
step is carried out. Diagram of the I/E  algorithm is represented in Figure 
(3.11). Once the solution is reached the flow is returned back to the implicit 
sub-algorithm if the external load is not still totally applied (otherwise, the 
execution is ended). Obviously, the converged solution values of the explicit 
sub-algorithm are passed on to the implicit one. An update of configuration is 
also carried out in the case that large deformations have been produced.
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START
Decide flow o f  program: Imphci 
Explicit or Combined
Read in data and set up 
initial conditions
flow_type=EXPLICJTflow ^type* IM PLICIT 
or COM BINED
(*) Loop over load 
increments Updating
rN
EXPLICIT
IM PLICIT
Lumped mass and initial damping 
matricesA ssem ble stifm ess matri 
and solve equations 
system
Initial
conditions
Update tunc-step
U pdate displacem ents, coordinates 
(if  large deform ation is ON) and 
internal force vector
Direct Integration o f  Equilibrium et
tolerance>m axim um  
allowed
over 
and 
d o f finished
N R Iteration 
converged or 
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num ber o f  
NR iteration 
reached
Update conngurauon.displacem ents 
internal forces
Error
tolerance
NR iterations 
diverging 
AND. flow = 
combined ? OUT 
 EXPLICIT
Is total 
external 
load 
applied
Output to graphic interface
G o To next load 
increment (*)
Figure 3.11: Combined implicit/explicit algorithm.
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3.9 N um erical tests
A set of examples in 2D have been analyzed in order to confirm the code, among 
them a plate under traction (fig.3.12) and Cook’s membrane. In the first one, 
undamped and damped cases are studied. The plate was uniquely solved by 
the explicit code to validate the explicit sub-algorithm with this example, and 
the remaining tests by the combined explicit-implicit scheme in-time (I/E).
3.9.1 Test 1: Elastic undamped plate
This example was one of the tests used to validate the explicit code. Therefore, 
the solutions displayed in this section refers to explicit only. The geometry of 
Figure 3.12 (2D-plane strain) is loaded by a constant force in the right-side 
corners. The structure has the following properties and characteristics: density 
p =  103K g/m 3, Young modulus E  = 104M Y /m 2, Poisson ratio v — 0.0, 
cross-section area A — 0.1m2.
^ f = l  KN
0.1 m
m f=l KN
►I
2 m
Figure 3.12: Plate under traction forces.
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Figure 3.13: Right-side displacement (undamped system).
2.0E-03
I
I
1  1.0E-03
5.2 5.6 6.02.8 3.2 3.6 4808 2.0 2.4
Figure 3.14: Nodal internal force (undamped system).
C H A P T E R  3. IN-TIME IMPLICIT-EXPLICIT  A L G O R IT H M 89
3.9.2 Test 2: Analysis of plate considering damping
A damping is used in the same structure to obtain the final solution of the 
quasi-static problem. It is a mass proportional damping as stated  above. As 
is observed in Figure (3.15) the am plitude is decreasing with time converging 
to the final solution. Right-side displacement solution is reached at 0.004mm 
(i.e. nodes situated at right side).
7.0E-06
6.0E-06
5.0E-06
E
c a>
E
<13
« 3.0E-06a.</>
°  2.0E-06
4.0E-06
1.0E-06
0.0E+00
0.00 0.90 1.80 2.70 3.60 4.50 5.40 6.30 7.20 8.10 9.00
Time [s]
Figure 3.15: Right-side displacement (mass proportional damping).
A distribution of displacements is given by the interface program HYP- 
TOGID (which has been created by the author of this thesis in order to obtain 
image results from the numerical output of the principal program).
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3.9.3 Test 3:Large deformation analysis. Cook’s m em­
brane
A non-linear material model such as Ogden model 10 for hyperelastic -rubber­
like- materials, is an option to assess a code with these characteristics as 
divergency of implicit methods is almost guaranteed if there is no load control. 
In our problem, the load is totally applied from the first time point. The 
implicit code demonstrates divergence if the load is not divided in smaller 
increments. Thus, the code switches to the explicit scheme after detecting that 
the implicit solution is diverging according to the criterion displayed in Box 
(3.1). The geometry in Figure (3.16) corresponds to Cook’s membrane problem 
which is generally used to assess the convergence in elements which are nearly 
incompressible under shear and bending strains [105] or [1]. Obviously, this 
is not our problem, however it is an useful exercise to use the I/E  algorithm 
because if the distributed shearing force applied on the right edge is not divided 
in partial loadings as stated above, NRM diverges, and at that point execution 
by EXP sub-algorithm may be carried out. Thus, the I/E  algorithm can be 
assessed.
The membrane is clamped in the left edge and a shearing force of 100A" is 
distributed on the right side, Figure (3.16). Ogden material is assumed with 
bulk modulus k = 40.0942xl04 and shear modulus /i =  80.1938. Two simu­
lations were principally considered. Firstly, use of IMP sub-algorithm alone 
allowing partial loadings (to avoid divergence) until the total load is applied. 
And secondly, total load applied from the beginning by I/E . Thus, four IMP 
iterations (Newton-Raphson Method) were executed and, then, the EXP sub-
10This model is only used here. Interested readers are refered to [81].
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48M----------------------------------------- ►
ref. node
~T
vO
\f
i k
rj-
Figure 3.16: Cook’s membrane (dimensions in mm).  Geometry and finite element mesh 
in the undeformed configuration
tF=100 N
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Displacement x
■ 0.3142
-0.34294
-1.0001
-1.6572
-2 3144
-2.9715
-3.6286
| -4 2858
-4.9429E -5.6
Figure 3.17: Displacement ux (mm)  by I/E
algorithm run to reach solution with an error estim ator equal to 0.2%  . The 
solutions obtained by I /E  for displacements and stresses may be visualized in 
Figures (3 .17, 3.19, 3.21, 3.23, 3 .25). Note th a t explicit iterations were stopped 
when the residual error-norm was 0.2%  (this may be observed in Figure (3 .26) 
where nodal horizontal velocities have an appreciable value). Our interest is 
assessing the transition between sub-algorithms more than  to reach a really 
low error, for th a t to allow more run-tim e is simply needed. Therefore slight 
differences appear in the plots.
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Displacement y
■ 6.914
6 1458
5.3775
4 6093
■ 3 8411( 3.0729
2.3046a 1.5364I 0.76816
■ 0
Figure 3.18: Vertical displacement uy (mm)  by IMP
Displacement y
■ 6.923
61538
53845
4 6153
m38461$3.0769
2.3076
i 1 53840 76916■0
Figure 3.19: Vertical displacement ay (mm)  by I/E  
The test result is in good agreement with the IMP solution and with the
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stress xy
■ 11.324
90666*6.8096
4.5526m22956n0 038614
-2.2184
-4 4754a ,S -6.7324
■ -8 9892
Figure 3.20: Shear stress axy (N/mrn2) by IMP (division of total external loads by incre­
ments).
stress xy
■ 12.73
10.174
7.6178
50615
&
25053
I -0.050954
-2 6072
1 -5.1634
ft -7.71971 -10 276
F ig u r e  3 .2 1 : Shear stress axy (N / m m ,2) by I /E
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stress xx
■ 11.419
7.044
2 6684
-1.7071
S I -6.0826
-10.458
-14 834
£
-19.209
-23.585
■ -27.96
Figure 3.22: Stress axx (N / m m 2) by implicit method
stress xx
■ 12.682
7.753
28241
-2.1048
i -7.0336
1 -11.962
-16.891
i -21 82-26 749■ -31 678
Figure 3 .2 3 : Stress axx ( N / m m 2) by I /E
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■ 11.642
80374
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m -9 9851
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Figure 3.24: Stress a yy ( N / m m 2) by implicit method
stress yy
■ 17.577
13.448
9.3188
5 1895
1
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-30691
-7.1984
| -11.328
| -15 457
■ -19 586
Figure 3 .2 5 : Stress ayy ( N / m m 2) by I /E
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reviewed literature, see for example [1]. Simo et al. [105] uses an IMP algorithm 
with control load of A F  =  1.0 (elastic) A F  =  0.5 {elastic — plastic) ranging 
from 0 to 100 obtaining a displacement at the ref. node (right top corner in 
Figure (3.16) of approximately 6.9 mm.
Velocity x
■ 0.0006117
-0 0007965■-0 0022087
-0 0036189
1
|
-0 0050291
-0 0064393 
-0 0078495 
-0 0092597 
-0.01067 
-0.01208
Figure 3.26: Velocity vx (mm/s) by I/E
3.9.4 Test 4: Buckling of a hyperelastic arch
Analyses that diverge with NRM are presented in order to validate the I /E  
algorithm. Thus, the buckling of an aluminium alloy (Young modulus E  =  
6.895 • 104 M P a , poisson ratio v =  0.34 and density p =  2700 k g /m 3 ) arch is 
presented. An external point load (up to a magnitude F  =  4000 N  th a t causes 
the snap-through of the arch) is applied in the middle of the arch as shown in 
Figure (3.27). Tests with other point forces are also presented. The range of
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the external loads includes buckling and no-buckling behaviours. The arch is 
totally clamped at the two edges. Other geometric values are cross-section area 
A = 25,806T0_4m 2, inertia moment /  =  5.54-10-7  m4, thickness t — 0.0508 m, 
and arch radius R  = 5.08 m.
|F
Figure 3.27: Geometry of the fixed-at-edges arch
This problem has been widely studied. Calhoun et al. [21] or Wen et al. 
[126] simulated it in the pre-buckling behavior. A further development was per­
formed by Yong-Lin Pi and N. S. Trahair [95] carrying out simulations after the 
buckling point. The central load is increased up to 4000 N. In the simulations, 
NRM began to diverge at deflection \Scri t \ =  0.076m (which corresponds to an 
internal nodal force in the vertical direction fcentral node,y =  2781.917N  ), and 
,hence, the EXP sub-algorithm is initiated (with the last converged solution 
of NRM indicated at Fig.(3.28) as point (3) ) and run.
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Flow t / tn Error(%) Max. Resid. t f i k c n ) ij^cn) Stage
IMP 1 3,118.820 197,857.00 ~ - -
IMP 2 59.346 3,767.75 -7,220.6 -0.061 diverging
IMP 3 3,116.590 202,416.00 -4,015.2 -0.074 swap
EXP 0.0001 73.404 1,616.89 -3,477.9 -0.074 oscillat.
EXP 0.001 64.204 785.12 -4,389.4 -0.075 oscillat.
EXP 0.1 2.386 336.19 -3,971.2 -0.466 oscillat.
EXP 0.5 0.092 29.74 -3,998.5 -1.193 converging
EXP 0.641 0.033 9.98 -3,999.3 -1.17 converging
EXP 1.0 0.007 2.016 -4,001.27 -1.17 converging
EXP 1.5 10"3 0.293 -4,000.16 -1.17 converging
EXP 2.0 4.4 • 10~5 0.017 -4,000.01 -1.17 solution
Table 3.1: Relative residual norm(%) (error(%) in the table) and maximum residual. Verti­
cal internal force (N ) and displacement (m) at central node of the arch(fccn) . In the second 
column, the iteration number(i) is shown for the IMP sub-algorithm and the time (tn) for 
the EXP sub-algorithm
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Figure 3.28: Transition after three NRM iteration. In the fourth one. it diverges and the 
EXP sub-algorithm is initiated (central displacement in absolute value)
The execution of the explicit code may be observed in Figure (3 .29 ). Con­
vergence to solution 16soi | =  1.17 m (absolute value of deflection at the cen­
tral node) is reached. Furthermore, several numerical tests were executed for 
smaller external forces than 4000 N.  The resultant load-displacement curve 
is plotted in Figure (3 .31), where the snap-through effect due to buckling is 
observed. Each marked point corresponds to an applied external force. Ob­
viously, the algorithm did not swap from implicit to explicit sub-algorithms 
while no buckling had occurred i.e. in the first part of the curve, before the 
maximum. The swap, as mentioned above, is only carried out if the implicit 
sub-algorithm is not able to converge. The connection of these discrete points 
plots the snap-through curve numerically obtained with the I /E  algorithm.
CHAPTER 3. IN-TIME IMPLICIT-EXPLICIT  A L G O R IT H M  101
£  0.4
0.2
0.001 0.354 0.636 1.1810.919
t (sec)
Figure 3.29: Absolute value of deflection at the central node. It starts when EXP is initiated 
after three IMP iterations (see Fig 3.28)
3.9.5 Test 5: E lasto-plastic circular arch
A circular arch, loaded at the centre and clamped at the two edge-supports, 
is analysed with the I /E  code. No rotation is perm itted a t the supports. The 
finite element model consists of 20 quadrilateral elements with four nodes. The 
numerical integration is performed on 4 gauss points in the finite element. A 
plane stress state  is considered with the uniform thickness of the arch set to 
10 cm. The geometry is shown in Figure (3.35). The material is a Von-Mises 
perfectly plastic material (see m aterial characteristics in Tables (3.2,3.3)).
M aterial properties
Density 7,860 ■ 10 c m J
Young Modulus 210 ■ 105 cm*
Poisson ratio 0.3
Table 3.2: M aterial properties of the elastic-plastic material
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( 2 0 0 0  N, -0 .0 6 3  m )
( 2 7 8 1 .9 1 6  N, -0 .0 7 6 m  )
(2 3 2 7 .9 1 6  N, -0 .6  m )
Displacement y
0 02378
-0 10997
-0 37748i -0 51124 
0 64499 
•0 77075 
-09125  
-1 0463 
• 1 18
Figure 3.30: Deformed configurations and y-displacement field for different external point 
loads at midpoint. Nodal internal force and deflection at central node in brackets
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Figure 3.31: Snap-through curve obtained with the I /E  algorithm
Figure 3.32: Contours of horizontal displacement ux (m) by I /E  when external point load 
is set to 4000 N
£p cr(-^2)v cm * '
0.0 24, 500.0
0.001167 24,500.0
Table 3.3: Material parameters for the plastic evolution.
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Velocity x
Figure 3.33: Contours of horizontal velocities vx (m/s)  by I/E  when external point load 
is set to 4000 7V. It is apparent that their nodal values are practically zero from a physical 
point of view which correspond to the quasi-static solution
Velocity y
Figure 3.34: Contours of vertical velocities vy (m/s)  by I/E  when external point load is 
set to 4000 N
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\  F
215°
Figure 3.35: Circular arch clamped at the edge-supports
When the arch is loaded in the central-top node with 6.6 TV the IMP sub­
algorithm diverges in the fourth iteration. At that point EXP sub-algorithm is 
automatically initiated (see Table (3 .4 )) . The final vertical displacement field, 
over the undeformed configuration, is represented in Figure (3 .37).
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Flow Error (%) Max. Resid. tint(kcn) Uy (&Cn) Stage
IMP 1 47.48 237.70 - - initial
IMP 2 25.72 163.08 -7430.40 -0.605 -
IMP 3 1.479 7336.16 -29695.92 -1.078 diverging
IMP 4 862.37
t-+ot—io -62912.7 -1.119 swap
EXP 0.3943256 972567 5493540 -5542582 -1.625 oscillat.
EXP 3.33 0.802 2633.40 -63371.6 -1.522 -
EXP 6.28 0.45 1885.83 -64114.2 -1.703 -
EXP 99.99 0.000188 0.0096 -65998.2 -1.043 converging
EXP 150 0.000008 0.0406 -65999.97 -1.044 converging
EXP 170.56 1.0 • 10"6 0.008 -65999.99 -1.044 solution
Table 3.4: Relative residual norm(%) (error(%) in the table) and maximum residual. Verti­
cal internal force (N)  and displacement (cm) at central node of the arch(fccn) . In the second 
column, the iteration number(i) is shown for the IMP sub-algorithm and the time (tn) for 
the EXP sub-algorithm
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100000
F1=1e4 N 
F2=5e4 N 
F3=6.5e4 N 
F4=6.6e4 N
100
°  0.0001
1E-07
1E-10
iterations
Figure 3.36: Relative residual norm error (%) on a logarithmic scale (circular elasto-plastic 
arch)
Displacement y
■ 0.01322
-0.10425
1 -0 22172
-0 33919
| -0 45666
-0.57413
-0 6916
-0 80907
-0 92654
■ • -1 044
Figure 3.37: Contours of vertical displacement in the elastic-plastic circular arch deformed. 
Central node loaded with point force 6.6 • 104 N
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3.10 C oncluding rem arks
In this chapter an algorithm for nonlinear finite element problems has been 
presented. It included:
• An explicit scheme by CDM. A proper damping was studied. The crit­
ical time step is analysed in order to enforce stability to the numerical 
method. An adaptive time step demonstrated as being computationally 
more efficient than the usual formulas used for the calculation of constant 
time steps.
• An in-time implicit/explicit algorithm to solve finite element problems 
has been described. This chapter has been devoted to illustrating the 
algorithm and the steps followed in its programming. In particular, for 
analysis with finite strains where geometrically nonlinear buckling results 
in divergence of NRM. Practical application of this algorithm might also 
include the solution of non-smooth contact problems in which ,for in­
stance, sharp-pointed edges and curved concave surface are involved.
Chapter 4 
Developm ent of a Structural 
Continuum-based Beam  
Elem ent (CBE)
.. the beam could support twice as much load at the center as at the free end 
because the same moment was produced at the fixed end. \ Galileo; Dialogue 
on Two New Sciences; 1638.
4.1 Introduction  and reasons for a C BE
A structural beam element based in a continuum rectangular element (CBE) 
is developed next. CBE formulation has been successfully programmed by the 
FORTRAN language. An original version of this element is partially indicated 
in Belytschko [11]. Some modifications to this formulation has been carried out, 
which will be shown at the point they appear in the analytical development 
below. The usefulness of this sort of element arises from the need to solve
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beam structures that are sufficiently thin (diameter<<<length), for two main 
reasons:
• Continuum elements models imply smaller time steps than a structural 
one and, hence, a higher computational cost. Moreover, if thin struc­
tures are modelled, the time step must already be quite small to obtain 
conditional stability and, therefore, convergence (Lax’s Theorem). This 
aspect is of utmost importance as the computational cost can sensibly 
be reduced.
• As it will be seen, CBE elements need half of the nodes (with respect to 
continuum elements) to compute the solution.
The continuum-based approach is founded in a rectangular continuum el­
ement on which structural conditions are imposed and the solver only will 
take master nodes into account for the solution of the system. Its formulation, 
coding as well as its preprocessing and postprocessing for plotting results in 
GiD have been completely programmed by the author. The solution of the 
discretised system is carried out in space by finite CBE and in time by finite 
differences using central velocities.
4.2 A pplication  o f external loading
Momentum equation for explicit solution at master nodes
(4.1)
where approximation is made by central velocities, being
'X n m a s t  ^ y  n m a s t n m a s t
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with three degrees of freedom per master node x y and the rotation of the cross- 
section around the master node. Subscript k will be used in the remainder of 
this chapter for the master node and nmast will be the total number of master 
nodes in the mesh.
External forces are updated if they are applied on slave nodes because 
of the change of position in large rotations or/and deformations. Thus, for a 
constant loading, the module of the external force vector is the same at every 
iteration of the explicit method used in the solution. Therefore, it is needed to 
apply these slave nodal forces to the masters.
(
fxK~
fyK~ 
fxtc+ 
fxn+
where and k+ are the slaves nodes at the bottom and at the top of the 
element and the master node «. Writing in compact form for every master 
node k where this is needed,
/  \
f x K 1 0 1 0
f y *
> - - 0 1 0 1
1id1idi sd
H11idH ?! 1 ?! + A^C+
r ( e x t )    rr \T  n{ext )
l K K AC K + (4.2)
where the superscript (ext) denotes external forces. Nevertheless, the tensor 
T  refers to the application of any array from master nodes to slaves nodes.
4.3 M ass and dam ping m atrices
A procedure, known as physical lumping has been used to obtain a diagonal 
mass matrix. The diagonalisation is suitable in order to formulate a system of 
uncoupled equations. Below is represented the mass matrix for a rectangular
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element with four slaves nodes and two masters,
210 0 0 0
M = Po ho lo 0*0 420
(4.3)
0 0
0 210 0 0 0 0
0 0 a h 20 0 0 0
0 0 0 210 0 0
0 0 0 0 210 0
0 0 0 0 0 a h 20
where hQ lD aQ are respectively the thickness, the length and the depth of the 
element at the initial configuration.
The damping matrix has been selected proportional to the mass matrix 
with proportionality constant 2 f  Uj with f  being the damping ratio and LOj the
natural frequency of the degree of freedom of the master node considered,
C%j 2 £ujj Mij i —  j
Cij = 0 i ^  j
C = (4.4)
4 .4  K inem atics
Displacements at the slaves nodes are calculated from the displacements in the 
masters. Rearrangement of the arrays are performed in order to formulate by 
slaves. Thus, the velocities at master « are taken out of the global vector u,
'U'XK 
Lyit
L
(4.5)
The director vector of the material section at master k is p K(tn). This 
section rotates with the material and, therefore, 0K is the rotation angle which
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Uyk*
lly k
k+l
Uyk
0  Master nocle (3  d o .f .)
O  SIave node ( 2 d o.f.)
Figure 4.1: Continuum-based beam element (CBE) with four master nodes and eight slaves
defines the director vector,
P  K(tn) = cos(6K{tn) )e x +  sin(0K(tn) )e y (4 .6)
The coordinates of the slaves nodes are readily calculated from the position of 
the master x K(tn) and the director vector,
x«+(*n) = ^ { t n) +  ^h°Kp K(tn)
x K-(t„) = x K(tn) -  i h°Kp K(tn)
where h?K is the thickness of the CB-beam element at the master k in the 
initial configuration. In the remainder of this chapter, the index for time and 
number of iterations of the explicit method tn is dropped unless it is considered 
useful to highlight some point. The velocities in the slave nodes are,
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v*- = Vk -  g h * °  x P-
where 12* is the angular velocity at master k and is defined as,
designating the material time derivative.
4.4.1 Laminar configuration
A corotational basis {ex,e y} may be defined at each point of the element 
which rotates in such a manner that the unit vector e* is always tangent to 
the fiber at that point. The element is defined by fibers and laminas. Fibers 
are imagined along the longitudinal section of the element. One of these fibers 
is the mid-line of the element. Observe that the direction of vector ey is not 
the same as the vector director and ,therefore, the angle of the rotation of the 
corotational (or laminar) base is not 6 either. Thus, the base is defined as,
where x T =  ( x y ) is the current position of a point in the element and the 
comma indicates the derivatives with respect to the parent element coordinate 
£. The interpolation is carried out by shape functions, thus the position of a 
point in the element may be interpolated as a function of the position of the 
slaves nodes (placed in the corners of the continuum element and designated 
either by k* for all of them in the element or by k~ for the slave placed just at 
the bottom of the master node k and for the one situated at the top of the
®x T  y Gy (4.8)
2/>£ ®x T 6y (4.9)
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master 1; see Figure 4.4 ) and the shape function evaluated in the corresponding
parent element coordinates (£, 77),
nslave
X =  £  v  r?) (4.10)
The shape functions selected for an element with four slaves nodes are,
with (£k* , rjK*) being the corresponding coordinates of the slaves nodes 
in the parent element. Thus, for example, for the node 3* are, obviously, 
(£3* j V3*) — (li l )-  These shape functions fulfil the property that they are 
equal to the unity in its definition node and zero in the remainder. Then, the 
derivatives with respect to the parent element coordinates are,
commas instead of fractional partial derivative symbol. Thus, for example,
The rotation matrix between the reference {ex, ey} and the corotational or 
laminar base {ex,e y} is stated as,
N/c-(f > v) =  +  ? ) ( !+% * v) (4.11)
nslave
(4.12)
This array corresponds to the first column of the jacobian of the transfor­
mation between the parent and current configuration, given by,
dx dx
dy  dy  
d£ dr] _
(4.13)
In the remainder of the chapter the partial derivatives are designated with
will be stated as N K*^.
(4.14)
1The line formed by the slaves and the corresponding master is not, in general, perpen­
dicular to the midline of the element
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x
Figure 4.2: Detail of forces and momentum on the laminar configuration
The velocity of slave node k* in laminar coordinates v£, =   ^ yXK* yyK* ^ ,
v K* = R T - v K* (4 .15)
But in a more general manner v K* is used as an array representing velocities 
in all slave nodes of the element,
v** = Vx 2* Vx 3* ••• Vx n s la ve*
Vy i* Vy2* ••• hy nslave*
In the programme an element of four slave nodes is taken (nslave = 4).
(4 .16)
4.4.2 Velocity gradient and rate of deformation
We need the jacobian matrix in laminar coordinates to compute the derivatives 
of shape functions in laminar components N K*,£ and later on the velocity 
gradient L,
x * = R r -x,r R  (4.17)
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NT. A = NT ~ - 1
The shape function derivatives array in a corotational base are,
\ T  • £  ~K*,£ >£
The velocity gradient is given by,
L =  v*. ■
(4.18)
(4.19)
which may be written in matrix form for four slave nodes per element as 
follows,
B x x B x y Vxl* V X2* ^x3*
r
*H
<?3
B y x L y y V y l * V y 2 * Vy3* V y 4 *
N i * tx
N 2*,x N 2 ~,y
N 3*,x
^ 4 * , x ■^4 *,y
(4.20)
Finally, the rate of deformation D or velocity strains in laminar components 
are obtained from,
D =  1 ( L T +  L) (4.21)
4.5 C om putation  o f stress at quadrature points
The rate of stress is computed through the constitutive law of the material 
considered and the velocity strains.
D g
^ = H ( D )  (4.22)
The material time derivative of stress is calculated as follows: firstly, 
the time derivatives are computed as any other derivative above i.e. by central 
differences in time and, secondly, the gradient of stress tensor is approximated 
by central differences in space in a vicinity small enough around the point
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BO X 4.1: U PD A TE OF M A ST ER  NODAL IN TER N A L  
FORCES
1. For each master node of the current element, do:
(a) Extract displacements and velocities in the master of the current 
element from global arrays
(b) Update position of master nodes:
x K(tn+i) = x*(tn) +  u  K(tn)
(c) Director vectors at masters,
P/t(^n) COs(QK(tn)') 63; “H SZ7T-(^ K(tn)) Gy
(d) Coordinates and velocities of slaves nodes through the director 
vector and the updated position of master nodes:
x«±(tn) = x K(tn) ±  ^h°Kp K(tn)
VK± =  VK ±  i  hK0 VtK x p K
2. Reset slave nodal internal force array
3. Loop over quadrature points: Box 4.2
4. Compute master nodal forces and return
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of quadrature at iteration-time tn(see Eq 4.23). In the examples tested, the 
gradient of stresses resulted too small to be compared with the variations of 
stresses in time. However, the computation of these gradients is always carried 
out in the simulations because they can reach high values in nonlinear problems 
for two main reasons:
• The nonlinearity source itself causes high fluctuations in the stresses field 
in some parts of the domain.
• The smaller time step required for this sort of analysis provokes the 
magnitude of variation of stresses in time might be of the same order as 
the variation in space.
D a  d a  , .+  v  • V<x (4.23)
Dt dt
where the approximations are carried out as,
ddij A  dij &ij (A+ i ) — &ij (A -1)
dt A t  A tn
/v ddij  ^ do ij  ^ d&ij  ^ Adij  ^ A^d j^
Vk • =  Vx • — -  +  Vy • — -  W Vx • ——  +  Vy ■ ——
dxk dx dy A x  A y
the values of the increments A x  and A y  are defined in relation to the
smallest length in the element /, such as A x /I  < f  where f  depends on the 
nonlinearity of the analysis. In the simplest case, an elastic material, the con­
stitutive law is immediate.
4.6 N um erical te sts  o f C B E
All representations below are plotted with the slaves nodes to highlight the 
properties and distribution fields, although only the master nodes are used in
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BO X 4.2a: STRESS CO M PUTATIO N AT Q U A D R A TU R E  
PO IN T
1. Compute jacobian at current quadrature point:
nslave
K *  =  l
d N K,
a?
2. Set laminar basis at point x(£,?7),
  T  ®y ~   2/j£ ®x “1“
Go* / ) G y
-v/a=.| +!/>|
3. Rotation matrix R(x(£, 77)),
R  =
^x ’ ®x ®x ' ®y
®y " ®x ^y ' ^y
4. New positions and velocities of the slave nodes «* in laminar basis:
v K* = R r v,
Xk* = R T • x.
5. Jacobian in laminar components,
x,£ =  R T x,t R
6. Calculate jacobian inverse x,^ 1
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BO X 4.2b: STRESS CO M PUTATIO N AT Q U A D R A TU R E  
PO IN T (continued)
7. The shape function gradient is obtained as follows,
• x , - 1
8. Velocity gradient,
9. Rate of deformation,
D =  1 (L T +  L)
10. Update of rate of stress and integration Section(4.5)
11. Add force-contribution to the nodal slave forces vector
12. Go to next quadrature point or end if quadrature points for this ele­
ment completed. >
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the explicit computation of displacements and, hence, used as classical beam 
elements. The difference remains in the computation of nodal internal forces 
which is made in the slaves nodes (through numerical integration by quadrature 
points) and transferred to the masters correspondingly.
3000
5- 2500
2000
1500
1000
.2> 500
0 — 
0.0001 0.0088 0.0178 0.0263
6.00E-06
S  5.00E-06
4.00E-06
» 3.00E-06
2.00E-06
ra 1.00E-06
0.00E+00
0.0176 0.02630.0001 0.0088
Time (s) Time (s)
(a) (b)
Figure 4.3: Tension test: internal force (a) and displacement (b) of the master node in the 
loaded edge
4.6.1 Tension test
The tension and compression tests are the most simple tests to assess the 
CBE element formulation. They are an almost obligatory tests to perform for 
beam elements. A bar, formed by 2 CBE elements, is loaded by a traction 
force in this test. The external force (2000 N) is applied distributed in the 
two slaves nodes on the right side and constrained at left side. The geometry 
dimensions and material parameters are shown in Table (4.1). This simulation 
and compression test were also carried out by [94]. The results agree exactly 
with the analytical solution, i.e. an elongation of 4 • 10-6 m  and axial stress of 
20000Pa (see Figure (4.4)).
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Geometry and material properties
Young Modulus 1000 M Pa
Poisson Ratio 0.3
Mass density 2700 K g / m 3
Length 2 m
Depth 1 m
Thickness 0.1 m
Table 4.1: Material properties for the compression and traction tests
Displacement x
■ 4e-06
3 5556e-06
3 1111 e-06
2 6667e-06
m2 2222e-06I 1 7778e-06
1 3333e-06
| 8 8886e-071 4 4441e-07
■ 0
Figure 4.4: Horizontal displacements ux[m\ due to traction
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4.6.2 Compression test
A bar, formed by 8 CBE elements, is compressed in this test. The external force 
(-2000 N) is applied distributed in the two slaves nodes on the right side and 
constrained at left side. The geometry dimensions and material param eters are 
shown in Table (4.1). The results agree exactly with the analytical solution, 
i.e. an elongation of —4 • 10~6 m  and axial stress of —20000Pa (see Figures 4.6 
and 4.7).
-500
£ -1000
-1500
£  -2000
® -2500
-30000.000 0.002 0.004 0.006 0.008
O.OE+OO
-P -1.0E-06
-2.0E-06
o- -3.0E-06
1  -4.0E-06
a . -5.0E-06
-6.0E-06
0.0080.000 0.002 0.004 0.006
Time (s) Time (s)
(a) (b)
Figure 4.5: Compression test: 1.0e+05 iterations for the internal force (a) and displacement 
(b) of the master node in the loaded edge
4.6.3 Cantilever beam
In this test, a cantilever beam is loaded at its edge with a vertical load P. 
The beam is formed by 8 CBE elements and geometry and material charac­
teristics arc displayed at Table (4.2). The maximum deflection, i.e. at the free 
edge, agrees well with the analytical solution for the loads specified in the fol­
lowing subsections. Selective-reduced integration was carried out in the first 
test, P = 20, 000 N,  and nine quadrature point were used in the second one,
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stress xx
■ -20000
-20000
-20000
-20000
1 -20000| -20000
-20000
■ -20000
-20000
■ -20000
I_
Figure 4.6: Axial stresses axx[N/m2] due to compression
Displacement x
I U-4 4445e-07 -8 889e-07 
-1 3333e-06 
M  -1.7778e-06 
W  -2 2222®-06 
-2 6667e-06
1-3 1111e-06 -3.5556e-06 -4e-06
Figure 4.7: Horizontal displacements ux [m] due to compression
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P  =  200, 000 N.
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Geometry and material properties
Young Modulus 71000 M Pa
Poisson Ratio 0.34
Mass density 2700 K g / m 3
Length 1 rn
Depth 0.1 m
Thickness 0.1 m
Table 4.2: Material properties for cantilever beam
stress xx
I 9 689e+07 7 535e+07 5 381e+07 
3 2269e»07
I I 0729e+07 -1 0811e+07 -3 2351e+07
1 -5 3892e+07 -7 5432e+07 -9 697e+07
Figure 4.8: Cantilever beam (P  = 2 e 4 N ): axial stress crxx[iV/m2] in through-thickness 
quadrature points (selective-reduced integration)
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stress xy
1-1 815e+06 -1 8493e+06 -1 8837e+06 
-1 918e+06 
^  -1 9523e+06 
f t  -1 9867e*06
1 -2 021e+06 -2 0553e+06 -2 0897e+06 
-2 124e+06
Figure 4.9: Cantilever beam (P  =  2e4iV): shear stress axy[ N/ m2] in through-thickness 
quadrature points (selective-reduced integration)
0.000 0.200 0.400 0.600 0.8000
-5000
-10000
-15000
-20000
-25000
Time (s)
(a)
0.000 0.273 0.546 0.819
0.000
-0.002
£ -0.004
2. -0.006
-0.008
- 0.010
Tim e (s)
(b)
Figure 4.10: Cantilever beam (P  =  2e47V): attenuation of explicit iterations for the internal 
force (a) and displacement (b) of the m aster node in the loaded edge
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I
stress yy
m 3.298e+07
2.5657e+07
1.8333e+07
1.101e+07
■
3.6864e+06i -3.637e+06
-1 096e+07
-1 8284e+07
a -2 5607e+07
I -3 293C+07
Figure 4.11: Cantilever beam (P =  2e4N): transverse stress cryy[N/m2] in through­
thickness quadrature points (selective-reduced integration)
Displacement y
■ 0
-0 0010425
-0 0020849
-0 0031274
1 -0 0041698
-0 0052123
-0 0062547
-0 0072972*
-0 00833961 -0 009382
Figure 4.12: Cantilever beam  (P  = 2e4N): vertical displacem ent uy[rn\
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Displacement x
■ 0 0005961
0 0004397
0 0002833
0 000 1269
| -2.9506e-05
-0 00018591
-0 00034231a -0 00049871
-0 00065511
■ -0 0008115
Figure 4.13: Cantilever beam (P  =  2eAN): horizontal displacement ux [m\
dis x
m 0 00585
00027922
-0.00026561
-0.0033234
i -0 0063812| -0 009439
-0 012497
-0.015555
a -0 018612
■ -0.02167
Figure 4.14: Cantilever beam  (P  =  2e5N): horizontal displacem ent uy[m]
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Displacement y
14 13e-08 -0 014011 -0028022 
-0 042034 
-0.056045 
P  -0 070056 
9  -0 0840681 -0 098079 
-0 11209 
-0.1261
F igure 4.15: Cantilever beam (P  =  2e5N): vertical displacement uy [m]
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4.6.4 Supported beam
The geometry and material param eters are those from the Table (4.2). The 
beam is loaded as represented in Figure (4.16).
P = 2 0 0 0 0 N
n  : ______
375 mm ! ^
*  fe l
" b
750 mm
1000 mm
<4-----------------------------------------------------------------------------------------------------------------------------------------------------------------►
Figure 4.16: Supported beam geometry
O stress xx
■ 1 066e+07
8 2911e+06
5 9222e+06
3 5533e+06
1 1 1843e+06
I -1 1846e+06
-3.5535e+06
1 -5 9224e*06-8 2913e+06
■ -1 066e+07
Figure 4.17: Beam : axial stress axx[N/rri2] in through-thickness quadrature points
(selective-reduced integration)
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o stress xy6.343e+05 
4,1049e+05 
1.8667e*05 
37140
-2 6095e+05 
-4 8477e+05 
-7 0858e+05 
-9 3239e+05 
-1 1562e+06 
-1 38e+06
|
I
I
Figure 4.18: Beam : shear stress axy[N/m2] in through-thickness quadrature points
(selective-reduced integration)
O stress yy
■ 3 623e+06
2.8173e+06
2 0117e+06
1 206e+06
1 4 003e+05| -4.0537e+05
-1.211e+06 
-2.0167e+06 
-2 8224e+06 
-3 628e+06
Figure 4.19: Beam : transverse stress ayy[N/m2} in through-thickness quadrature points 
(selective-reduced integration)
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Displacement y
■ 0.000134
0,00010547
7 6933e-05
4 8399e-05
i
1 9866e-05
-8 6681 e-06
-3 7202e-05
1 -6 5735e-05i -9 4269e-05■ -0 0001228
Figure 4.20: Beam : vertical displacement uy[m\
dls x
■ 2.669e-05
2.0727e-05
1 4763e-05
8 7998e-06
1
2 8364e-06
i -3 127e-06
-9 0904e-06
■ -1 5054e-05
-2.1017e-05*
■ -2 698e-05
Figure 4.21: Beam : horizontal displacem ent ux [m]
Chapter 5 
M odeling of Reinforced  
M aterials using a Subcycling  
Algorithm
’The method of Science depends upon our attempts to describe the world with 
simple theories: theories that are complex may become unstable, even if they 
happen to be true. Science must be described as the act of systematic simplifi­
cations’. K . P o p p er; The Open Universe.
5.1 Introduction
An algorithm formed by two subcycles h one for the matrix and another one 
for the reinforcement is developed in this chapter. Reinforced materials are 
difficult to model computationally because of the jump introduced by the in- 
1The word subcycle is used here indicating an execution of a group of elements with a 
solver - implicit or explicit - and, also, a different processing time
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terface. The use of subcycles is carried out towards solving the constituents of 
the material, reinforcement and matrix separately, and enforcing conservation 
laws in the interface. The highest frequency determines the critical time step 
in explicit methods such as Central Differences. Then, the entire mesh is ruled 
by this critical time step. Those parts of the mesh with smaller frequencies, for 
example with larger elements, might be solved with a larger time increment 
without altering the conditional stability. Therefore, the different frequencies 
associated with the mesh of matrix and reinforcement motivate the present 
approach. Thus, a subcycling algorithm is developed. The subcycling algo­
rithm is applicable for the in-time implicit-explicit algorithm for the matrix 
(see Chapter 3, [30, 31]) and the explicit Central Differences Method for the 
reinforcement (see Chapter 4). An abbreviated form I/E-E to label the subcy­
cling algorithm is adopted. In Figure (5.4.3) a schematic representation of the 
evolution of the different parts of the mesh constituents is shown. In Figure 
(5.4.2) is represented the evolution in case of non-divergent matrix execution. 
The reason to use the implicit-explicit algorithm (for the matrix) is to take 
advantage of the quadratic rates of convergence of the implicit method pro­
posed (Chapter 3) and in case of divergence solve the matrix with an explicit 
method. Furthermore, the implicit method (see Chapter 3) is unconditionally 
stable. Stability of the subcycling algorithm requires an accurate application 
of the conservation laws at the interface [10, 34, 42].
The coupling between explicitly and implicitly integrated partitions plays 
a key role. There is a classification of implicit-explicit or explicit-explicit sub­
cycling algorithms related to the type of coupling: weak coupling or strong 
coupling [8]. For instance, weak couplings perform a simple transmission of 
information at the interface. Their stability needs to be carefully studied de­
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pending on the different approaches undertaken [8]. On the contrary, strong 
couplings approaches include interface elements. However, this last approach 
needs to assign a material space for the interface element. In our problem, the 
jump-interface is a surface where kinematics and kinetics conditions must be 
enforced without any relevant thickness and, therefore, the introduction of in­
terface elements is not the most convenient. At this stage, the following scheme 
is adopted:
(i) The nodes of the matrix and reinforcement share initially the same spa­
tial position.
(ii) Enforcing the conservation laws in the structural discontinuity or jump 
in the bimaterial interface.
(iii) It permits the solution by a subcycling algorithm as described in this
a ?  p
i
Figure 5.1: Schematic representation of subcycling. The time step in one of the subdomains 
is an integer number of time steps in the other.
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work. This is convenient as the instability caused by the jump in the 
interface is avoided.
Belytschko [79] proposed a sub cycling algorithm based in two explicit sub cy­
cles. The mesh was divided into group of nodes and each group required a 
different time step. This scheme enhances the computational efficiency when 
the elements are of different sizes. Roberts (1999) presents another explicit- 
explicit subcycling applied to the solution of the system of rockbolt-rock in 
tunnels. An uncoupled approach of reinforcement and matrix is carried out 
in [22] in a two-dimensional context. A major issue generated for this last 
approach is the proper modelling of the interface to ensure stability in the 
numerical processing.
5.2 R einforced m aterials
The literature concerning the computational modeling of reinforced concrete is 
quite numerous, which reflects the enormous importance of this material. Re­
search topics go from the softening material modeling for the concrete matrix 
and the elasto-plastic material model for the reinforcing bars to the models 
treating cracks, crack growth, static or dynamic loading, cycling loading, fa­
tigue, etc.
One of the most referenced studies in the literature is the seminal work of 
the doctoral thesis by Rots [100] that performed a different approach by in­
troducing interface elements. Rots used them firstly in the generation and 
development of cracks in a softening material, but the basis for using this type 
of elements in other applications such as interface-jump was developed.
The understanding of the mechanics of bond is of absolute importance in the
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physical interface between the concrete and the reinforcing bars, as this effect 
affects the global behaviour of this RM. Various experimental works highlight 
this effect,
• Tasnimi et al. [118] presents a set of compression tests (axial compression 
tests over cylinders of concrete) used for the generation of a mathematical 
model for the curve of bond stress-strain.
• Weathersby [125] highlights that the major limitation of the FE modeling 
of response of RC is the accurate modelling of the interaction between the 
concrete and the steel. Experimental impact loading and static loading 
were performed to gain a better understanding of the influence of the 
loading rates -static, dynamic and impact loadings-. FE analysis was 
developed using the experimental parameters to determine the value of 
the chemical adhesion and to compare the experimental results with the 
analytical values.
In some studies a perfect bond model was assumed for the interface, e.g. May 
et al. [75], when this is limited to a narrow range of problems. The imperfect 
bond is frequently modeled by a shear bond stress versus relative displacement 
or slip relationship. It is generally assumed that there is no normal bond stress 
as the bar is confined in the continuum. Some of the works treating imperfect 
bond are summarized next:
• Wang et al. [124] proposed an analytical model to describe the bond 
strength considering the ribs in a partly cracked thick-walled cylinder 
exposed to radial external pressure. The bond stress-strain curve is com­
posed of an initial linear part followed by softening after the peak in the 
bond stress-strain curve
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• Sluys and de Borst [108] highlighted the key role of the bond-slip relation 
in predicting crack spacing in reinforced elements
• Brighenti [18] performs a rigorous mathematical interpretation of the in­
terface in reinforced materials, in a simple and computationally effective 
way. A physically based nonlinear constitutive law is used. Transmission 
to the fibres is made via shear bond stress in the axial fiber direction. 
The amount of sliding is calculated through an energetic approach. The 
main effect of the fibres is more intense in the pre-debonding stage and 
the limitation of the plastic area of the fibres embedded into the matrix 
material which heavily depends on the interface mechanical characteris­
tics.
• In Desir et al. [36], standard continuum plasticity is extended to the 
interface to account for bond deterioration. A return mapping algorithm 
is used for the integration of relative plastic displacement.
• In Ghosh et al. [49] interfacial separation is conducted by cohesive el­
ements in multiple fiber reinforced composites. The connection force is 
carried out by normal and tangential springs.
An interesting approach is presented by [3, 36] in which the relative displace­
ment in the interface is included into a finite element as a slip degree of free­
dom. Some other authors [12, 26, 36] included an elastoplastic model for the 
interface. All these approaches consider a displacement-based finite element 
formulation for the treatment of the interface. Some works [101] prove that 
the force-based approaches for elements with bond-slip lead to non-symmetric 
tangent operators, or may not completely simulate the material behaviour.
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5.2.1 Mechanics of bond
Bond is the physical phenomenon by which two constituents or composite 
material components are adhered. In this section,the parameters that affect 
the bond response to loading are described. The different bond models used 
in finite element implementations aim to create a relationship between the 
relative displacement of the constituents and the shear bond stress caused 
on the contacting surfaces. One of the simplest bond model is the Coulomb 
friction model in which the shear bond stress is considered proportional to the 
normal stress in the contacting surfaces. In this case, the shear stress is non 
dependant of the slip or relative displacement between the surfaces in contact. 
For this reason, the Coulomb bond friction model is unrealistic because the 
complex behavior in the interface needs to consider the slip of surfaces in 
contact in order to get a reasonable measurement of the bond stresses along 
the interface. In reinforced materials with fine fibres, debonding and friction 
forces may appear at the intersections of fibre and cracks in the matrix due to 
the crack opening under tensile strain [128]. The fracture mechanics associated 
with the matrix is out of the scope of this study. Thus, the bridging effect, in 
the rebar, caused by a crack is simulated through the inclusion of a notch in 
the matrix, see the example in Section 5.6.2.
M icro behavior around reinforcing bars or fibres
The bond consists of three basic phases: adhesion, friction and mechanical 
interlock. Friction does not develop until adhesion has failed. The chemical 
adhesion is usually neglected as its effect is small. The main adhesion or first 
stage of the bond mechanism is present provided that ribs exist in the rein­
forcing bars. For the sake of simplicity the terms reinforcing bars or fibres are
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used alternatively although they are associated with very different composite 
materials. In the case of ribbed bars, the onset of bond failure can physically 
be seen as the transfer of forces from the ribs to the surrounding continuum 
and the contacting surfaces between ribs are debonded. This effect creates cir­
cumferential tensile forces around the bar in the continuum. Failure occurs if 
these tensile stresses reach the yield stress of the surrounding continuum [124]. 
The confinement or circumferential stress ar is related to the shear stresses 
Rond through the slope formed between the ribs and the axial direction of the 
bar [119]. Thus, it is stated as or =  r&ond*tan(#), where 9 is the angle between 
the rib side perpendicular direction and the tangential direction or direction 
of the contacting surfaces.
5.3 C on stitu tive  m odels for th e  m atrix
The Mohr-Coulomb constitutive model is used to describe the behaviour of 
the matrix when subjected to infinitesimal strains. More details of the model 
used are described below. Also, some elastic-matrix simulations have been 
conducted in order to see the bridging effect of the re-bars when subjected to 
finite strains.
5.3.1 Mohr-Coulomb yield surface
This criterion assumes that the plastic yielding is the result of friction between 
particles. It is a generalisation of Coulomb’s Friction Law. It states that ’the 
onset of plastic yielding begins when the function of shear stress and normal 
stress defined by Eg (5.1) reaches a critical value’.
r  = c — an tan f  (5.1)
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Figure 5.2: Resume of the im plem ented scheme
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where c is the cohesion, an the normal stress, r  the shear stress and </> the 
angle of internal friction. This defines six planes converging in an apex in the 
space of stresses. In terms of principal stresses the criterion can be expressed 
as in Eq (5.2).
0 7  — 0 / / /  { ( ? I  +  V l I I  . 0 I  — 0 I I I  - A ,  i  /  r r>\  -----  cos (p = c — ^---------   1-------  s m 0 J ta n 0  (5.2)
where 07 > a n  > a m .  Eq(5.2) can be rearranged as follows,
(a i — a m ) + (0 / +  0///) sin <f> = 2c cos <f> (5.3)
In view of this, the yield surface can be expressed as the set of stresses that 
make <I> =  O.This defines a pyramidal surface with the apex located at c = 
cot (f> in the tensile side of the hydrostatic axis. Its pyramidal shape differs from 
the prism that defines the Tresca yield surface. This makes the Mohr-Coulomb 
yield surface pressure-sensitive. It is interesting to remark that both criteria 
coincide in the absence of internal friction when </> = 0. The apex defines 
the strength of the material in a tensional state of stress. Limited resistance 
in tension is a typical characteristic of some materials such as concrete or 
soils, and for this reason has been chosen to represent concrete material in the 
present study
$(<7 , c) =  {a 1 — a m )  +  (cr/ +  a m )  sin <fi — 2ccos </> (5.4)
The six plane surfaces that enclose the elastic domain as a function of a generic 
state of stress are written next. Each plane of the pyramid is defined by one
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of these equations with c) = 0 .
4>i(cr, c) =  (cr/ -  a m ) +  (^/ +  ct///) sin 0  -  2ccos 0  
$ 2(cr, c) =  {gji ~  crin) +  (0 // +  ai n ) sin 0  -  2ccos 0  
$ 3(0 , c) =  (cr// — cr/) +  (<j// +  cr/) s in0  — 2c cos 0  
<E>4(cr, c) =  (gjji — 07) +  (o'/// +  0 /) s in 0  — 2c cos 0  
$ 5(cr, c) =  (cr/// -  0 //) +  (0 /// +  0 //) s in 0  -  2ccos 0  
$ 6(0 , c) =  (0 / — 0 //) +  (0 / +  0 //) sin0 — 2c cos 0
Analogously, the Mohr-Coulomb criterion can be expressed as a function of 
the stress invariants Eq (5.5) [27].
=  ^cos# — sin 6 sin 0^ \J J2(s) +p(cr) sin0 — ccos0 (5.5)
where ^ is the Lode angle defined in Eq (5.6)which is a function of the deviatoric 
stresses through of its second and third invariants.
0(s) := \  arcsin ( (5 .6)
3 V 2 (J 2(s) ) 5 J
5.3.2 Associative and non-associative plastic flow rules 
for M ohr-Coulomb
In the associative laws the yield function is adopted as the flow potential. The 
flow rule requires the consideration of singularities such as at the apex and the 
intersection of the faces of the pyramid or edges. Plastic flow can be initiated 
from an edge, a face or the apex. In the derivation of the flow rules at faces 
or edges, the analysis can be performed in a sextant (with principal stresses 
0i > 02 > 03) of a cross-section of the Mohr-Coulomb pyramid Figure (5.3.2). 
The vectors Na and 7V& are not entirely deviatoric as they have a non-zero value
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(sextant with ar^oaiga)
0i=O
Figure 5.3: Sextant of a cross-section of the Mohr-Coulomb pyramid. Mohr- 
Coulomb flow rule
of the component along the hydrostatic axis. The vectors in Figure (??) are 
deviatoric projections as we are cutting the hydrostatic axis perpendicularly. 
The flow rule for plastic evolution from a face is,
ep =  j N a (5.7)
where N a is perpendicular to the plane <f>i =  0, i.e.,
At the corners the flow rule is given by,
E" = 7aN„ + 7f.Ni, (5.9)
At the intersection of =  0 and $6 — 0, N& is expressed by,
At the intersection of 4>i =  0 and $2  — 0, N& is expressed by,
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At the apex of the pyramid, the six planes intersect and, hence, six normals 
are defined. The plastic flow rule in this singular region is a combination of
plastic flow rule predicts a non-zero volumetric plastic strain, Eq (5.13), due 
to the pressure sensitivity of the Mohr-Coulomb criterion.
Eq (5.13) is positive as 7*. > 0 V k  and, therefore, dilatant. This dilatancy 
predicted by the associative Mohr-Coulomb plastic flow rule is often excessive 
[116]. To overcome this problem, a non-associative plastic flow rule can be 
performed. It adopts, as the flow potential, a Mohr-Coulomb yield function 
with a frictional angle <p which is replaced by an usually smaller angle ip. The 
dilatancy predicted is proportional to sin 'ip. For ip = 0 the plastic flow rule 
reduces to the associative Tresca law at all points of the yield surface except 
at the apex as the plastic flow becomes purely deviatoric.
6
epv =  ( 2 s i n 0 ) ^ 7 fc (5.13)
fc=i
5.3.3 Integration algorithm for the Mohr-Coulomb ma­
terial model
The update of stress is performed in the principal stress space. Therefore, 
the spectral decomposition of stresses after the trial stress computation is 
carried out. Thus, the principal stresses in the elastic prediction are arranged 
as follows,
these six normals Eq (5.12). It is interesting to remark that this associative
6
(5.12)
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Then, the yielding is checked with the consistency inequality, from Eq (5.3),
Q t r i a i  =  ^ t r i a l  _  +  ^ t r i a l  +  J r i a l ^  s i n  ^  <  2 ( , ^  c o s  ^  ( 5 > 1 4 )
If inequality Eq (5.14) is satisfied, then, the step is purely elastic and the 
variables are directly updated with the trial values. On the contrary a plastic 
correction needs to be carried out. The general return mapping Eq (5.15) for
the stress tensor is used to correct the stresses values which lie now on the
softened yield surface.
a n+1 =  <r£“ ‘ -  D e : A s” (5.15)
Taking in account the expressions Eqs (5.7,5.9,5.12), Eq (5.15) reaches the
expression,
a n+1 =  -  A7 D e : N n+1 (5.16)
There are several return mappings depending on the situation of stress on the 
principal space. This is due to the singularities of the Mohr-Coulomb yield 
surface (see Section 5.3.2).
5.4 Subcycling
5.4.1 Governing equations for the matrix
Henceforth, two-phases of the reinforced material will be considered. It is 
formed by two constituents: matrix or continuum reference (cc) and reinforc­
ing bars or reinforcement (/?). The residual equations, resulting from finite 
element discretisation of the continuum, (5.17) are linearised (5.20) in order to 
accomplish a Newton-Raphson procedure. The matrix is modeled either by the
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Mohr-Coulomb material model [116] or an elastic model. A return mapping 
algorithm for the integration of the stress & is conducted [106].
R ( u an) =  £ * « )  -  r  =  0 (5.17)
where the force vectors are calculated as,
£*(«») = A { JaMB T d v } (5-18)
f“ ‘ =  A /  [  N r 6dD+ f N r < jdsl (5.19)
' ' { J s j(e) Jan'') )
6  t  '>Sot
where 1S assembly operator for the elements in the subdomain of
the matrix N(£,rj) are bilinear shape functions, b  are the body forces, q 
the traction forces applied over the boundary of the body and B is the linear 
strain operator. The integrals are approximated by gaussian quadrature.
K t 8 u a{k) = - H (l!_1)« +1) (5.20)
where is the global tangent stiffness matrix given as,
d R
K r  = d u a
(5.21)
( f c-1)
n + 1
k is the Newton-Raphson integration step, and n  refers to the external load 
increment. If the solution would diverge the algorithm swaps to an explicit 
solution as described in [31]. The external force is updated at the beginning of 
the matrix-subcycle with the bond forces vector. This vector is formed for the 
longitudinal bond forces (Section 5.4.3).
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5.4.2 Governing equations for the reinforcement
The finite element discretisation by beam elements of the momentum equations 
renders the following system of second order differential equations,
M/3 u’ (tm) + C 0 UP(tm) +  i f ( u f j  =  i f  + i lf t a (5.23)
where is a lumped mass matrix, Cp is the mass proportional damping 
matrix, fpxt are the external forces applied directly to the reinforcing bar and 
fgnt(u^J the internal forces vector.
A  B Tc r « ) d d  (5.24)
P xt = A [  [  N T bdv + [  N T q d s l  (5.25)
The system is solved by dynamic relaxation (Chapter 3) and Central Dif­
ference Method as described below. The static solution is obtained from the 
attenuation of the transient response, leaving the static solution for the applied 
load. Initiation of the subcycle (m  — 0) is given by,
u |  =  + i f ka(t0) -  i f { t  o ) ) ^ i  (5.26)
u£ =  u “ (5.27)
u i =  U o + A t i u f  (5.28)
and following iterations by,
./3 _  — A t m C p  .  P  f p X t ( t m )  +  f g l ± a { t m )  ~  f ^ { t m )  ,  *
U™+5 ~~ 2M /3 +  AtmC /3U"l-5 2M.0 + A tmCff
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The update and dynamic relaxation quotient are given by,
u £ + i  =  u rn +  A tm+i u ^ + i  (5 .30)
lu/5rK/3 0
u-m XV771 u m/ / r  Q 1 \
G/3=1/i^ w  ( 5 - 3 1 )lm
i f f  =
At m_i «771 2 T
(5 .32)
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Figure 5.4: Schematic representation of a cycle in which the reinforcement subcycle is 
executed by an explicit method and the matrix by an implicit method.
5.4.3 K inetic link
The interface is defined as the zone of nodal transmission of forces and dis­
placements. The displacements are used to calculate the slip or relative dis-
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placement between the matrix and reinforcement. Initially, the nodes of the 
matrix and reinforcement in contact coincide in the same spatial point. Once 
that a relative displacement is produced an interpolation by linear shape func­
tions between two nodes is carried out. The bond stress depends upon the 
relative displacement between matrix and reinforcement.
t+nAt i >
X  i x t
t+(n-1 )At <»
T X  T XT
o  <--* o  ot+2At <»
X  TXT 
•  «
X  TXT
t+At O
J I I L
REINFORCEMENT BOND MATRIX
Figure 5.5: Schematic representation of a cycle. Reinforcement subcycle is solved by an 
explicit method and the matrix by I/E  algorithm.
The bond stress is calculated through the interface constitutive law $, 
from the reinforcement to the matrix:
(5-33)
The slip is simply given by,
=  u “ (j-1) -  i t f ( 5. 34)
where is the tangential displacement (of the matrix node with compo­
nent i) to the axis of the current reinforcing bar from subcycle (j — 1). uf ^
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is the longitudinal displacement of a node in the reinforcing bar. i refers to a 
local node in the interface. They do not correspond to global numbers of d.o.f. 
either of the matrix or of the reinforcement. The relative displacement, in a 
point x  between nodes i and i +  1, is interpolated as follows,
where Ni(x) is a linear interpolation function. The external force for the next 
subcycle is calculated through equilibrium balance in a slice considering the 
reinforcing bar, the matrix and the interface. If Ap is the perimetric area sur­
rounding the reinforcing bar between two nodes, the bond force which is going 
to be treated as an external force for the matrix subcycle (from the bond stress 
computed in the reinforcement subcycle) is:
f* 7 d = M & f)  A  (5-36)
This component will be part of the assembled external forces array for the next 
matrix subcycle. The forces, which are perpendicular to the re-bar, are also 
assembled in this array. The kinematic continuity is enforced from a  to (3 as 
an initial condition for the explicit method Eq(5.27). But this is not enforced 
from (3 to a.
5.5 Interface co n stitu tive  law
Several laws or relationships between bond stress and relative displacement or 
slip for materials such as reinforced concrete have been proposed in the lit­
erature, see for instance [99],[108]. Henceforth, the matrix is considered to be 
concrete and the reinforcement is a steel reinforcing bar in order to specify a 
more realistic reinforced material. The simplest ones suggest an initial linear
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INITIATE
SUBCYCLING
Matrix subcycle Reinforcement subcycle
(beta)SOLVE
MATRIX
SUBDOMAIN LOOP OVER TIMESTEPS
STRESS 
UPDATE 
(Return mapping 
algorithm)
SOLVE REINFORCEMENT 
GOVERNING EQUATIONS 
(Central Differences)
STRESS UPDATE
ASSEMBLE
FORCE
VECTORS,... COMPUTE BOND FORCES
NODAL FORCES
f|e||2<toler.^hN^
REINFORCING  
^BARS LOOP _
yes
yes
Nscy<Nmax
EXIT
Figure 5.6: Flowchart of the subcycling scheme developed. For sake of simplicity, only 
the implicit flowchart, for the matrix (a), is represented. Although, the matrix is solved 
explicitly in case of divergence of the implicit method
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BOND STRESS
T b ,y ie ld
T b ,resid
S y ie ld  S r e s id SLIP
Figure 5.7: Relationship at the interface in which the bond stress is given as a function of 
the slip at the interface
part followed by a constant value of the bond stress after a threshold value. 
These would not model the effect of maximum slip when the ribs of the re­
inforcing bar have sufficiently eroded the interface in the concrete, leaving a 
minimum residual bond stress in the system. This residual bond stress is rep­
resented in the Figure 5.7. As a result of reaching a critical slip a softening 
in the interface is developed. This effect is physically due to the deterioration 
that the ribs of the rebar induce on the surrounding continuum until reaching 
a residual bond stress R,)7.es^ .
In a pullout test, the reinforcing bar embedded in concrete is loaded in 
the axial direction at the free edge. An empirical relationship based in experi­
mental pullout tests [39] is used in the implementation of the I/E -I algorithm 
to compare with realistic experiments. In the experimental pullout tests con­
ducted by [39], each bar was instrumented with seven or eight strain gauges in 
the axial direction. The shear stress was calculated as t i_ 2 =  f  (ei — e2) 2 /i_2, 
where /i_2 is the distance between gauges, r is the bar radius, E  the modulus 
of elasticity of the bar material and e* the strain measures provided by the
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gauges. A relationship #(s) is proposed based in the experimental evidence 
and analytical results,
0.2 K bmd f .  +  0.1 r r *  ( -  4 .5 ( ^ ) 2 +  1 .4 (a)*  j ,
V H  <6*
’ S 0  I
sign(s) • r™aa:, V |^-| > S*
where s is the relative displacement (or slip) between the master nodes of 
the reinforcing bars and the nodes of the matrix in contact with the reinforcing 
bar, sQ is a material parameter indicating the deformation at which perfect slip
occurs 2 and 5* = £
K b o n d .
5.6 N um erical te sts
5.6.1 Pullout test
This type of test is chosen to validate I/E-I because of the limit load that may 
be applied, although this sort of load directly applied on the bar is not usual 
in practical structures. The bar is loaded ,as described above, on the free edge 
with a point force P. The embedded edge and the remaining nodes of the bar 
do not have any constraint to the motion except those imposed by the matrix.
Details of the geometry are expressed in Figure (5.8). The matrix nodes at 
the boundary (except those on the side in which the exterior edge of the bar 
is located) are constrained in all their degrees of freedom.
The matrix mesh is formed by 250 quadrilateral elements with a thickness 
of 78.5 mm. The reinforcing bar is composed of 8 CBE elements (see chapter
2 [108] suggests a value sQ =  0.06 m m  for a typical reinforced concrete
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4) of cross-section area Acs = ir • 10_4m2. The cross-section area is assumed 
to be square for the purposes of analysis. Obviously, the experimental results 
conducted by [39] were performed with cylindrical metallic bars. The total 
length of the embedded rebar is lemb = 0.35 m. The material properties are 
given in Table (5.1). The matrix has been modelled with a Mohr-Coulomb 
law in which friction and dilatancy angles coincide (associative flow). The 
interface law 'd(s) used is described in Section 5.7 with 5* = 0.00032 m and 
r™ax - 8  MPa.
Matrix Reinforcing bar
Young Modulus 14 GPa 180 GPa
Poisson Ratio 0.1 0.33
Yield stress 300 MPa
Mass density 2400 K g /m 3
Friction angle (degrees) 20.0
Dilatancy angle (degrees) 20.0
Table 5.1: Material properties of reinforced material used in the pullout tests .
The reinforcing bar is loaded up to an external force of 100 K N  in the 
longitudinal direction. The matrix undergoes elongation induced by the axial
p
Figure 5.8: Mesh and geometry of the tested pullout specimen
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deformation of the reinforcing bar at the interface. The behaviour of bond 
stress along the bar is highly non-linear Figure (5.11). It is observed th a t the 
level of relative displacements is sufficiently high to reach the yield bond stress 
(8 MPa)  near to the loaded edge.
8
7
6
a>
c  4 
&
3
O  Farmer 1975 (experimental)
— X—  Roberts 1999 
— ■f— ■ Elastic matrix, Cunel Sosa(2005) 
y  ■ Elastic matrix, Dohrr relationship, Curiel Sosa (2005)
2
1
150 250 300 350 4000 50 100 200 
Length (mm)
Figure 5.9: Numerical versus experimental bond stress along the reinforcement. Chart for 
Curiel Sosa(2005) considered reinforcing bar embedded in an elastic matrix . External force 
applied in the outside edge =  100 AW. Material parameters taken from the Table (5.1)
In Figure (5.11) the close agreement between predicted and experimental 
values is observed over almost the entire length of the bar. This results agree 
closer than other results from the literature [99] along the most of the rebar 
length. However, the predicted bond stress near the embedded edge is clearly in 
disagreement with experiments (approximately one third of the total length). 
The discrepancy in this part is easily detected in the left region of Figure 
(5.11).
This is probably due to the interface constitutive model adopted as the
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i
0.0007529
0.0006692
0.0005855
0.0005019
0.0004182
0.0003346
0.0002509
0.0001673
8.3649e-05
0.0
Figure 5.10: Displacement field contours (m) for half sample. M atrix was considered elastic 
in this simulation.
algorithm is in agreement in this region only when perfect bond is assumed 
in the interface. Nevertheless, the elastic m atrix do not describe the physical 
nature of the concrete and, hence, fails to agree with experimental evidence 
along the remaining of the rebar, Figure (5.9). Contours fields of displacements 
in the elastic case can be observed in Figure (5 .10)
£p cohesion
0.00142
0.002
0.20 • 10+8 
0 .15 • 10+8
Table 5.2: Softening curve for the Mohr-Coulomb model of the m atrix
5.6.2 Bridging effect
I/E -E  is primarily designed to provide an useful research tool to solve the 
jump-discontinuity caused by the interface. W ith an aim to validate this pro­
gram, simulations on flexural behaviour of beams and the effect of the rein­
forcement are undertaken. The simulations were performed over a range of 
materials for the matrix. Tests were conducted on notched beams with longi-
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— ■—  Elastic matrix, Curiel Sosa(2005)
— i—  Mohr-Coulomb matrix, Curiel Sosa (2005)
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Figure 5.11: Numerical versus experimental comparison of bond stress along the reinforce­
ment. External force =  100 KN.  Matrix was modeled with Mohr-Coulomb material model 
with the data specified at Tables 5.1,5.2
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Figure 5.12: Displacement field contours (m) (half sample) for imperfect bond between 
re-bar and concrete. Matrix was modeled with Mohr-Coulomb material model with the data  
specified at Tables 5.1,5.2
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tudinal reinforcement to assess the bridging effect of the reinforcing bar over 
the notch. In addition, contour plots of displacements are provided. In the next 
set of numerical examples, the efficiency of the proposed subcycling algorithm 
is demonstrated in the simulation of problems with interfacial jumps and sin­
gularities. The tip of the notch causes a well-known singularity. Singularities 
are undesirable as they cause numerical instabilities and divergences. There­
fore, these examples conduct a critical assessment of the numerical scheme 
presented. The proposed strategy is demonstrated to be efficient for this type 
of problem. The examples include two-dimensional three-point bending tests 
over a notched reinforced specimen Figure (5 .13). The external loading is ap­
plied either displacement-driven or force-driven to demonstrate the capabilities 
of the algorithm. Linear triangular finite elements with three Gauss points for 
the numerical integration were adopted. A refinement of the mesh is conducted 
around of the tip of the notch, see Figure (5 .14). The reinforcing bar is modelled 
by beam elements. One of the two supports of the specimen allows motion in 
the x-direction (horizontal). A perfect bond is assumed between the reinforcing 
bar and the surrounding continuum.
c
_Q_
610 mm75.67mm 75.67mm
60 mm.
k+j k>|
I 1220 mm I
Figure 5.13: Notched sample geometry
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Test 5.4: Bridging effect on notched beam
The material properties of the matrix are: elastic modulus 35GPa and Pois- 
son ratio 0.2. And for the reinforcing bar: 200 GPa and 0.33 respectively. In 
that context, we have a reinforcement that is more rigid than the matrix. As 
a consequence, the jump in the interface is critical for the convergence of the 
methods. The subcycling algorithm is demonstrated to be particularly efficient 
in this case taking also into account the presence of the singularity introduced 
by the tip of the notch. In the simulations, it was observed that a stress local­
isation occurs as expected in the area around of the notch.
Figure 5.14: Detail of the refinement of the mesh around the notch
In Figure (5.15) or Figure (5.17)is observed that the effect of the top- 
compression and bottom-tension, of the reinforcing bar close to the bridging 
region, induces opposite signs of the shear stress (in the elements of the ma­
trix). This expected effect is responsible for debonding in case the system is 
incrementally loaded to a further stage. Debonding is not simulated in this 
work. In Figure (5.16), the contours fields of transversal stress are plotted. 
The reason is to assess that the tip of the notch is effectively a stress raising 
singularity. This is shown in the zoomed region of the Figure (5.16). In this 
case, the driven vertical displacement was set to 0.05mm. A test with larger 
deformation is represented in Figure (5.18)
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Figure 5.15: Detail of the shear stress (GPa)  around the notch. Displacement driven: 
0.0001mm (top of the beam)
2 7901 
2 3132
Figure 5.16: Transversal stress (GPa).  Displacement driven: 0.05mm (top of the beam)
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Figure 5.17: Shear stress (GPa)  around the notch. Displacement driven: 0.05mm (top of 
the beam)
The top of the beam was displacement driven until a value of 0.1220mm
i
Figure 5.18: Transversal stress (GPa).  Displacement driven: 0.1220mm (top of the beam)
Chapter 6
Conclusions and Further 
Research
’Everything of importance has been said before by somebody who did not dis­
cover it ’. Alfred N . W hitehead.
’So far as the laws of mathematics refer to reality, they are not certain. And 
so far as they are certain, they do not refer to reality’.Albert E instein
6.1 C oncluding rem arks and further research
An algorithm that considers the combination in-time of two general strategies 
of solution (implicit and explicit) has been presented, in particular, for the 
analysis of large deformations where geometrically non-linear snap-through 
buckling results in divergence of the implicit method used. This in-time im­
plicit/explicit algorithm (I/E) proved to be efficient and convenient for these 
type of problems. In the numerical examples conducted, I/E  gave results in 
good agreement with other results from the literature. Several material models,
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such as Ogden or Von-Mises, have been included in the codes. The nonlinearity 
associated to these models required the use of return mapping algorithms for 
the stress computation. Geometric nonlinearities were also undertaken as de­
scribed above. It permitted a wide range of numerical tests to validate the I/E  
code such as large to small deformations and from hyperelastic to elastoplas- 
tic materials. Other critical points such as snap-back may also be undertaken 
by this algorithm. Practical applications of this algorithm might also include 
the solution of contact problems between complex geometries such as sharp- 
pointed edges and curved concave surfaces. It is important to remark that 
there is no partition of the mesh in groups of nodes or elements. The entire 
mesh is executed with the implicit sub-algorithm and, in case of divergence, 
the flow of execution is swapped to the explicit sub-algorithm. This is made by 
appropriate transfer conditions. The scheme is optimized when the I/E  code 
is only executed in a part of the entire mesh (some authors have already made 
combined meshes ([53] or [85] amongst others) in which a partial mesh was 
solved by an explicit code (this part of the mesh would include the cause for 
divergence) and the remaining by an unconditionally stable algorithm.
An interesting further research would be the application of the I/E  to non­
smooth contact problems. This undesirable-in-simulation contact is frequent 
in Bioengineering computational problems. Computational Bioengineering is 
increasing in interest year after year. In this research area, the use of I/E  would 
be an additional tool to save CPU time and to conduct an efficient simulation. 
Otherwise, the numerical test may be either uneconomical (if only a time- 
marching technique is carried out very small time steps would be required 
due to the stability requirements) or inefficient (if the method diverges as a 
consequence of the problems described above).
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In the second part of this research, the development and validation of a 
two-dimensional computational solution by subcycles are presented. Also, a 
beam element was developed to model the reinforcing bars. After analysis of 
the results the main conclusions may be summarised:
1. The accuracy of the finite element computations is preserved due to 
the uncoupling by subcycles for reinforcement and matrix. The error is 
assessed independently for each subcycle and, also, for the global cycle. 
This approach is relevant because of the discontinuity of the stresses in 
the bimaterial interface.
2. The simulation of pullout tests permitted an excellent prediction of the 
bond stress vs. slip along most of the length of the interface, taking 
account of the experimental results. However, this prediction showed a 
discrepancy with respect to the experimental results in the embedded 
edge of the re-bar. The main reason is related to the constitutive interface 
law adopted. Enhancement of this is outside of the main scope of this 
research and it may be considered as future research given the important 
role that the interface plays in reinforced materials.
3. The computational model employs a Mohr-Coulomb material model for 
the matrix. A return mapping algorithm for the integration of the stress 
is used. Additionally, the first results with an elastic matrix, used in the 
first validations of the program, are presented.
4. This approach demonstrated a convenient way to enforce the conserva­
tion laws. Stability was guaranteed which was a matter of concern in 
weak couplings by subcycling algorithms. Furthermore, strong coupling 
by interface elements are not the most convenient option (see Section
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5.1) for the presented problems. For those reasons the presented scheme 
is a mix between weak and strong couplings.
5. The advantage of this scheme lies in the computational efficiency implied 
by executing reinforcement and continuum calculations at two different 
rates of execution and solving the jump associated with the interface.
6. Each sub-domain permits treatment by different algorithms and discreti­
sation techniques of well-known efficiency.
7. This partitioned approach permits advantage to be taken of existing 
codes.
8. As almost always, advantages are not cost free as it requires careful for­
mulation at the interface to avoid degradation in stability when explicit 
methods are used.
Given the importance that the modelling of reinforced concrete has in the 
Civil Engineering industry, the development of efficient interface constitutive 
models continues to be a relevant issue. Further research is needed in that 
direction. Most commercial codes consider perfect bond in the interface. The 
enhancement of interface laws would allow better simulations either by us­
ing this sub cycling scheme or another strategies of simulation dealing with 
reinforced concrete.
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